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Chapter 1 

Introduction 



The understanding of quantum theories in terms of particles has been a fundamental 
issue for more than four decades. While in the framework of non-relativistic quantum 
mechanics this problem has been settled for a large class of physically relevant models, 
the situation is less clear in relativistic quantum field theory (QFT). There emerge new 
phenomena in this setting, like creation of charged particles in collisions or appearance of 
clouds of massless excitations accompanying a charged particle ('the infraparticle prob- 
lem'). Their description goes beyond the well understood setting of groups of unitaries 
acting on a Hilbert space, where the notions of spectral measure and measure classes 
provide the natural conceptual basis for the formulation and resolution of the problem of 
asymptotic completeness. The language of groups of automorphisms acting on the algebra 
of observables, adequate in the relativistic setting, lacks such detailed spectral concepts. 

The present work introduces a decomposition of the algebra of observables into spec- 
tral subspaccs, whose elements differ in their behavior under translations in space. First, 
an ergodic theorem for translation automorphisms is established in theories with physi- 
cal vacuum structure. It allows for a natural definition of the pure-point and continuous 
subspaces, what opens the door to more detailed spectral analysis: Apart from the coun- 
terpart of the absolutely continuous subspace, familiar from quantum mechanics, there 
appears a new feature - the point- continuous subspace - which carries information about 
the infrared structure of a theory. It formally belongs to the continuous part, but it is 
finite dimensional in a large class of models. In particular, it is shown that this subspace is 
trivial in all theories complying with a condition proposed in this work. This new criterion, 
which identifies a novel class of particle detectors in the algebra of observables, entails the 
existence of particles if the theory admits a stress-energy tensor. These results allow for 
a fresh look at the problem of asymptotic completeness in quantum field theory from the 
model-independent perspective. 

Formulation of natural assumptions for the ergodic theorem mentioned above is the 
subject of the second part of this work. For this purpose two new phase space conditions 
are proposed, inspired by the physical behavior of coincidence measurements and by the 
concept of additivity of energy over isolated subregions, respectively. Among the conse- 
quences of these criteria, we obtain the uniqueness of the energetically accessible vacuum 
states and convergence of physical states to these vacua under large timelike translations 
(i.e. relaxation to the vacuum). 
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Chapter 1. Introduction 



1.1 Particle Content in Quantum Mechanics. Spectrum of 
Hamiltonian 

In order to emphasize the relevance of detailed spectral concepts to the problem of particle 
interpretation, let us consider briefly the familiar case of two-body quantum mechanical 
scattering: Here the central object is the (relative motion) Hamiltonian H = Hq + V which 
consists of the free part Hq and the interaction potential V . The Hilbert space 7i can be 
decomposed into the orthogonal subspaces 

w = Wpp e Wac e Wsc, (1.1.1) 

corresponding to the decomposition of the spectral measure of H into the pure-point, 
absolutely continuous and singular-continuous parts. By comparing the free dynamics to 
the interacting dynamics at asymptotic times, one obtains, under suitable assumptions on 
V , the wave operators 

= s-lim e*-^*e-*-^o*. (1.1.2) 

t— >itoo 

One says that the theory has a complete particle interpretation, if Ran = Ti^c and 
"^sc = {0}. Under these conditions every state in the Hilbert space can be uniquely 
decomposed into the bound states and the scattering states of the Hamiltonian. The first 
proof of asymptotic completeness in the above framework, for a certain class of short-range 
potentials, is due to Enss [En78| . The argument was later generalized by Sigal and Soffer 
|SiSo87j . Graf |Gr90j and Dereziiiski |De93j to many body systems interacting with short- 
range or long-range forces and it forms today a part of standard textbook material |DG] . 



1.2 Wigner's Particle Concept and its Limitations 

To understand the limitations of the above approach to the problem of asymptotic com- 
pleteness, let us now describe its implementation in QFT. The general framework, based 
on the algebra of observables 21, is explained in detail in Section 11.61 For the purpose 
of the present discussion we assume in addition that the action of the whole Poincare 
group P| is unitarily implemented by a strongly continuous representation U acting on 
the Hilbert space 7i and that there exists a unique (up to phase) vacuum vector £ TC, 
invariant under the action of U. Since the joint spectrum of the generators of translations 
(H,P) is contained in the closed forward light-cone one can define the mass operator 
M = ViJ2 _ p2 

Following the standard procedure of Wigner |Wi39j , one unravels the particle content 
of a theory as follows: First, one finds all the (non-simple) eigenvalues m of the mass 
operator M. Next, one decomposes the corresponding eigenspaces into subspaces Ti^™"'^^ 
which carry irreducible sub-representations of U characterized by a mass m and a spin s. 
Finally, one forms the direct sum of all such subspaces Hgp := ^H^"^'^^ which is called 
the single-particle subspace of the theory. Scattering theory for massive Wigner particles 
is well understood by the work of Lehmann, Symanzik and Zimmermann |LSZ55| on the 
one hand and by Haag, Ruelle, Hepp and Herbst |Ha581 IRu62t IHe65[ IHer71j on the other. 
The situation is less clear in theories with long range forces. There collision theory is 
under complete control only for massless particles, by the work of Buchholz |Bu75l[Bu77j . 
The case of massive particles accompanied by massless excitations was treated by the 
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present author in |Dy05| under a stability assumption introduced by Herbst [Her71j . The 
argument is presented in Appendix |A] of this Thesis. 

The approach of Haag and Ruelle resembles in many respects the quantum-mechanical 
setting of the previous section: One compares the interacting dynamics governed by the 
Hamiltonian H to the dynamics of free field theory of mass m, for any (non-simple) 
eigenvalue of the mass operator. There follows the existence of wave operators which 
are isometrics from the Fock space over the single-particle space T{Ti.sp) to the physical 
Hilbert space TC 

: TiHsp) ^ n. (1.2.1) 

Thereby, for every configuration of incoming or outgoing particles we can find the cor- 
responding vector in TC. If the wave-operators are invertible, i.e. every vector in the 
physical Hilbert space can be interpreted in terms of configurations of incoming and out- 
going particles, then we say that the theory is asymptotically complete in the Wigner 
sense. 

The only known class of interacting theories which satisfy this property are the two- 
dimensional models with factorizing S-matrices recently constructed by Lechner |Le08] . 
In particular, no asymptotically complete model exhibiting particle production is known 
to date. In the thoroughly studied X{4>'^)2 theory only states of energy smaller than 3m — e 
|(tJS73[ [SZ76] or from the interval [3m + e,4m - e] \CBS2\ . where e ^ with A ^ 0, 
have been shown to have particle interpretation. More importantly, the above variant of 
asymptotic completeness is bound to fail in many physically relevant situations: Suppose 
that a pair of charged particles is produced in a collision of neutral particles. Since the 
masses of the charged particles are not visible in the energy-momentum spectrum of the 
vacuum sector, the vector ^ £ TC, which corresponds to this process, cannot be interpreted 
in terms of the Fock space T{TCsp)- In the case of massive particles and (string-)localized 
charges one could try to avoid this difficulty by adjoining the charged sectors, determining 
the masses of charged particles from the extended energy-momentum spectrum and study- 
ing suitably redefined wave operators |BF82] . This strategy fails, however, for electrically 
charged particles, whose masses are not eigenvalues of M, even in the charged sector, due 
to the presence of Gauss' Law |Bu86] . In this case the Wigner concept of a particle does 
not apply and the approach of Haag and Ruelle is invalidated from the very beginning. 
The presence of such infra-particles |Sch63j is the main motivation for the search for a 
more general definition of a particle. 

1.3 Beyond Wigner's Particle Concept. Arveson Spectrum 

The first attempt at an intrinsic characterization of theories describing particles was taken 
by Haag and Swieca j HS65j . These authors proposed a physically motivated phase space 
condition which should hold in all theories with reasonable particle interpretation. In fact, 
a large class of models are known to-date to satisfy this criterion |BDL90] and a general 
argument, which corroborates the heuristic reasoning of Haag and Swieca, was found by 
Bros |Br03] in the two-particle situation. Moreover, it was shown by Enss [En75] that the 
Wigner definition of a (massive) particle is equivalent to its geometric characterization as a 
state which is singly-localized at all times in theories satisfying this phase space condition. 

However, as this phase space criterion holds also in some models which do not have 
particle interpretation, it is too weak to meet the original goal of Haag and Swieca. A 
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number of more stringent restrictions on the phase space structure of a theory, formulated 
in terms of compactness and nuclearity conditions, can be found in the existing hterature 
|BP90j . They proved very useful in the structural analysis of quantum field theories 
|BWi86[ IBJ891 IBuQGj IBos05.lt IBos05.2j and in the construction of interacting models 
|Le08j . but have not offered, as yet, many new insights into the particle aspects of the 
theory. Recently a novel phase space condition, related to additivity of energy over isolated 
subregions, was proposed by the present author |Dy08.1[ |Dy08.2| . Among other physical 
consequences, it entails relaxation of any state u of bounded energy to the vacuum state 
under large timelike translations, i.e. 

\\m uj{at{C)) = {Vt\CVl), Ce2t, (1.3.1) 

where ^( • ) = U{t, x) ■ U (t, x)* are the translation automorphisms. The argument, which 
is given in Chapter [3] of the present work, does not require the assumption of asymptotic 
completeness in the Wigner sense which was used by Araki and Haag [AH67| in the first 
proof of relaxation to the vacuum. While relation (jl.3.ip does not carry information about 
the particle content of a theory, we recall that in [AH67] the authors derived an asymptotic 
expansion of the function t — > u;(aj(C)) as i — > oo and demonstrated that the higher-order 
terms are directly related to the asymptotic particle density. A large part of this analysis 
was generalized beyond the framework of Wigner particles by Buchholz, Porrmann and 
Stein [BPS91] leading to a generalized concept of a particle, encompassing also the case 
of infra-particles. The remaining part of this section is devoted to a brief sketch and 
discussion of these developments. (See |MS85t Sp ICFP071 IHeOTj for other approaches to 
the infrared problem). 

In order to compensate for the dispersive effects, encoded in equation (jl.3.ip . one paves 
the whole space with observables and sums up the results. This amounts to studying 
the time evolution of the integrals J d^xui{at^s{C)) which, however, make sense only for 
suitably chosen C G 21. In order to introduce a class of admissible particle detectors, 
we need the mathematical concept of the Arveson spectrum |Ar821 [Pe] . Postponing the 
formal definition to Section 11.61 we only recall here that the (local) Arveson spectrum of 
an element i? G 21 w.r.t. the group of translation automorphisms 9 x ^ ax, denoted 

by Sp^(a]Rs+i), coincides with the energy-momentum transfer of the observable B. In 
fact, let A — > -P(A) be the spectral measure of the energy-momentum operators {H,P), 
defined on Borel sets A C M'^^^. Then there holds 

BP{A)ncP{A + SpBia^s+i))n. (1.3.2) 

In view of this relation we say that an operator i? G 21 is energy-decreasing if Sp5(aiRs+i)n 
V+ = 0. It is a crucial result due to Buchholz [Bu90] that for any i? G 21 which is energy- 
decreasing and almost loca0, and any compact set A C M*"*"^, one can define the integrals 

P(A) j d'x ag{B*B)P{A) (1.3.3) 

as bounded operators on 7i. Having compensated for the dispersive effects, one extracts 
information about the particle content of the theory: For any state u of bounded energy 
one studies the behavior of the following expressions as t — > oo 

aj^\B*B) = j d'xu;{at^^iB*B)). (1.3.4) 



^See Section [l.6l for the definition of this concept. 
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It was shown by Porrmann |Po04.H IPo04.2j that the resulting asymptotic junctionals aij , 
defined on a certain algebra of admissible observables, can be decomposed into pure func- 
tional cr^x^\ the so called pure particle weights. More precisely, for any uj there exists a 
measure d/i on the space of labels A s.t. 



To each label A there corresponds a sharp four-momentum px and a label 7^ which carries 
information about the internal degrees of freedom, like spin and charge. Therefore we 
can interpret the weights a^^^ as plane wave configurations of the particles appearing 
in the theory. A general algorithm for computation of collision cross-sections of these 
particles, which does not rely on the existence of charged fields, was developed in |BPS91j 
and tested in asymptotically complete theories of Wigner particles by Stein |St89j . Also 
the fundamental problem of the existence of non-trivial asymptotic functionals, which 
rephrases the question posed by Haag and Swieca [HS65] . has been settled to date only in 
this restrictive framework. 

Two heuristic arguments of more general nature, addressing the question of existence 
of particles, were proposed by Buchholz: The first one combines phase space properties 
of a theory and the time-slice axiom |Bu87| . The second relies on the existence of the 
stress-energy tensor |Bu94j . In Section 12.31 of this Thesis we present a rigorous proof of 
the existence of non-trivial asymptotic functionals which is based on this latter idea and 
does not rely directly on the Wigner concept of a particle. 

Another important issue is convergence of the asymptotic functional approximants cj£*^ 
as t — > 00. Again, a proof is known only in the context of theories which are asymptotically 
complete in the Wigner sense [AH67j . We do not present a solution in this work, but a 
promising strategy is discussed in Chapter [H The simpler problem of relaxation to the 
vacuum, (cf. relation (ll.3.ip above), which is settled in this Thesis under physically mean- 
ingful conditions, should provide a guidance towards a more general proof of convergence 



Very little is known about asymptotic completeness in this general framework. A 
possible formulation was proposed in |Bu94 ] : It should be possible to determine the energy 
and momentum of any physical state cu, knowing its particle content from relation (|1.3.5p . 
More precisely, there should hold 



where the four-momenta p\ label the pure particle weights and a similar relation 
should hold for other conserved quantities which characterize particles, like spin, charges 
etc. It is plausible that relation (jl.3.6p holds in models admitting a stress-energy tensor, 
but we are far from an actual proof. Additional assumptions, which may be useful to 
settle this issue, are discussed in Section 12.31 

It is evident from the above discussion that the problem of particle interpretation 
in quantum field theory is rather poorly understood in comparison to the quantum- 
mechanical case considered in Section II. 11 We see the origin of this disproportion in 
the absence of adequate mathematical structures on the side of QFT: Here the natural 
language for the description of particle aspects is that of the group of translation auto- 
morphisms M.^~^^ 3 X ^ Ox acting on the C*-algebra 21. The Hamiltonian, central for 




(1.3.5) 



of CJ( 




(1.3.6) 
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the quantum-mechanical scattering, is replaced by the generator of time translation au- 
tomorphisms, whose spectrum coincides with the (global) Arveson spectrum of at |Ev76] . 
defined by formula (|1.4.2p below. After the spectral theory of automorphisms was sys- 
tematized by Arveson |Ar82j . it became clear that several important notions, familiar 
from the quantum-mechanical setting, do not have counterparts in this more general con- 
text. These include the concept of spectral measure and measure classes consisting of 
pure-point, Lebesgue absolutely continuous and singular continuous parts, and the corre- 
sponding decomposition (jl.l.ip of the Hilbert space into spectral subspaces. As we have 
seen in Section 11.11 these notions are crucial for the formulation and resolution of the 
problem of asymptotic completeness in quantum mechanics. It is therefore quite certain 
that the lack of counterparts on the side of automorphism groups impedes the study of 
the particle aspects in QFT. Various steps towards the development of such more detailed 
theory of the Arveson spectrum, which can be found in the literature, are discussed in the 
next section. 



1.4 Detailed Theory of Arveson Spectrum in Literature 

For a group of unitaries M'' 9 x ^ U{x), acting on a Hilbert space, there holds 
U{x)^ = J e~^'^^dP{p)'^, where ^ £ 7i and dP is the spectral measure. Hence the 
natural counterpart of the spectral measure in the Arveson theory are the Fourier trans- 
forms of the functions M'* 9 x ^ ag{A), where A G 21. As the support of the resulting 
distribution p — > A{p) coincides with the Arveson spectrum of A, a more detailed spectral 
theory should describe also its regularity properties. 

Several results in this direction can be found in the existing literature. On the physics 
side, the distributions p ^ io{A{p)), where A is a local operator and lo a state of bounded 
energy, were studied by Buchholz |Bu90j . It was shown that in any local, relativistic QFT 
they coincide with square-integrable functions apart from a possible singularity at zero. 
This result, stated precisely in Theorem 11.6.2 1 below, was instrumental for the development 
of the Haag-Ruelle scattering theory in the presence of massless particles |Dy05| , treated 
in Appendix |A] of this work. It also provides a basis for the spectral decomposition of the 
algebra of local observables, which we construct in Chapter [2j 

Such Fourier coefficients A{p) appear also as a tool in the mathematical literature 
related to the Rieffel project of extending the notions of proper action and orbit space 
from the setting of group actions on locally compact spaces to the context of C* -dynamical 
systems (21, M*, a) |Ri90t [MeOlj . A number of properties of A{p), familiar from classical 
harmonic analysis, like the Fourier inversion formula, have been proven by Exel in [Ex99l 
lExOO] . Unfortunately, we cannot use these results here as they rely on the assumption of 
unconditional integrability, which requires that the net 

{ l^d'x as{A)}j^, (1.4.1) 

indexed by compact subsets K CM'^, converges in the norm topology of 21 as X ^ R^. This 
is not quite compatible with QFT, where we interpret A G 21 as a particle detector, since 
for any compact region K one can prepare a physical state which gives large measurement 
responses in the complement of K. In fact, the integral (jl.3.3p was only shown to converge 
in the strong operator topology of B{7i) [Bu90] . 
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The above two approaches are distinguished by the fact that they exploit the algebraic 
structure of 21. The more general framework of groups of isometrics M 9 t — > aj acting 
on a Banach space 21 attracted more attention. This direction of research relies on the 
equality of the (global) Arveson spectrum, given by 

SpaR= IJ Sp^OR, (1.4.2) 
Ae2l 

and the operator theoretic spectrum of the generator D = i-^at\t=o which was estab- 
lished by Evans |Ev76j and independently by Longo |Lo77j . Related results, known 
as the spectral mapping theorems, were obtained for the global Arveson spectrum 
[Uo73l IDLZ811 E821 [Ne92] and for the local one [Ni98l ILN] . (see [S?82l [LN] for re- 
views). As for the more detailed spectral theory, the point spectrum of D is the best 
understood one. A thorough analysis of the discrete spectrum, including the mini-max 
principle, existence and uniqueness theorems for the ground state and the Rayleigh-Ritz 
technique, was performed by Jorgensen |Jo82j . Inspired by the Stone formula [RSlj . this 
author proposes a suitable limit of resolvents of the generator D to be the counterpart 
for the spectral measure. This technique has applications also beyond the point spec- 
trum |Jo92j : Using classical results of Fourier analysis, Jorgensen derives integrability and 
decay properties of the functions t tLi{atA), where A E 21, cj € 21*, from regularity 
assumptions on these resolvents. However, such assumptions do not have a clear physical 
meaning and are difficult to verify in the case of translation automorphisms in QFT, so 
we do not pursue this approach here. 

The subject of Cauchy problems in the theory of differential equations |AB97| includes 
an interesting line of developments which bears some similarity to the present work: As- 
sume that the spectrum of D is countable. Then, under some additional conditions, the 
eigenvectors of D span a norm dense subspace in 21 |Ba781 IHu99] . In this case the repre- 
sentation a is called almost periodic, as all its orbits t — > at{A), ^4 £ 21, belong to the class 
AP{M, 21) of almost periodic functions with values in 21. More abstractly, u £ AP{M, 21) 
if and only if the set S{u) = {u{- + t)\t G M} of the translates of u is relatively norm 
compact in the Banach space i?[/C(M, 21) of bounded, uniformly continuous functions 
|AB97[|Ph93] . Replacing in the above definitions the real line M with the positive half-line 
M+, we obtain the set 5'('u)+ and the class ^AP(M+,2l) of asymptotically almost peri- 
odic functions which is of interest in the theory of Co-semigroups M+ 3 t ^ at acting on 
Banach spaces. This class has the decomposition |R,S9n[ IAB991 IBPh9ni [^88j 

AAP(M+,2l) = AP(M,21)|m+ ©Co(M+,2l), (1.4.3) 

where Co(M-|_, 21) is the space of continuous, functions which tend to zero in norm ast ^ oo. 
A larger class VF(M-(-,2t) of Eberlain weakly almost periodic functions is characterized by 
the condition that the set S{u)+ is relatively weakly compact [RS901 IRS9 2]. The weak 
counterpart of Co(M+, 21) is the space M/o(lK+) 21) of such functions u from VF(M+, 21), that 
zero belongs to the weak closure of S'(n)+. Again, we have a decomposition [RS90] 

P^(M+,2l) =^P(M,2t)|R^ e Wo(M+,2l). (1.4.4) 

All the spaces introduced above consist of orbits of the semigroup of translations given 
by iatu){t') = u{t + t') acting on BUC{R,^). Therefore, relations (fTXH]) . (fTJlh can 
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be interpreted as spectral decompositions of the corresponding generator D. However, in 
contrast to the Hilbert space case (cf. relation (jl.l.ip l. these decompositions do not involve 
the whole underlying space -BC/C(M, 2t), but only cover some small neighborhoods of the 
pure-point part j4P(M, 21)|]r_^. Moreover, they consist only of the pure-point subspace 
and its complement which can be understood as a candidate for the continuous subspace. 
There does not seem to appear any further decomposition of these continuous subspaces 
in the literature. Finally, and most importantly, this approach is appropriate for the study 
of semigroups of operators rather than groups of isometries we are interested in here. In 
particular, the space Co(M+,2l) does not contain orbits of any group of isometries. 

1.5 Overview of this Work 

In Chapter [1] we gave an overview of scattering theory in quantum mechanics and quantum 
field theory placing emphasis on the role of spectral analysis. The remaining part of this 
chapter treats the framework of Algebraic Quantum Field Theory as well as definitions 
and results which are particularly useful in the later part of this Thesis. 

In Chapter [2] we motivate and develop a detailed spectral theory of space translation 
automorphisms M.^ 3 x ^ acting on the algebra of local observables 21. We obtain the 
decomposition 

2t = 2tpp©2lpce2tac. (1.5.1) 

Apart from the pure-point and absolutely continuous parts, familiar from the Hilbert 
space context, there appears a new subspace which we call point-continuous. It formally 
belongs to the continuous part of the spectrum, but it is finite dimensional in a large 
family of models, complying with Condition L^'^^ stated in Section 12.21 This subspace 
carries the information about the infrared behavior of the theory which can be assessed 
with the help of a new quantity which we call the infrared order of an operator. We 
provide examples of theories with non-trivial and trivial point-continuous subspaces and 
compute the infrared orders of their elements. Triviality of the point-continuous subspace 
is expected to hold in purely massive theories and we formulate a general condition L^^\ 
stated in Section 12.31 which entails this spectral property. A quantitative variant of this 
new criterion guarantees the existence of non-trivial asymptotic functionals (describing 
particles) in theories admitting a stress-energy tensor. 

In Chapter [3] we study the uniqueness of the decomposition of 21 into the pure-point 
and continuous parts. A variant of ergodic theorem for translation automorphisms in 
QFT, stated as Theorem 12.2.21 below, reduces this issue to the problem of uniqueness 
of the energetically accessible vacuum state. In Section 13.31 we introduce a phase space 
condition C|,, of algebraic nature, which entails this property and has a number of other 
physically interesting consequences: The vacuum state is pure and appears, in particu- 
lar, as a limit of physical states under large spacelike or timelike translations in Lorentz 
covariant theories. Moreover, it is approximated by states of increasingly sharp energy- 
momentum values, in accordance with the uncertainty principle. This new condition has 
a clear physical interpretation in terms of coincidence arrangements of local observables, 
but its consistency with the basic postulates has been verified only in the realm of mas- 
sive theories. Therefore, in Section [3^ we introduce another phase space condition Ctj, 
involving only the Banach space structure of 21, which can be verified both in massive 
and massless models. We motivate this condition by the physical principle of additivity of 
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energy over isolated regions and show that it has all the physical consequences mentioned 
above (apart from purity of the vacuum). We also demonstrate that it can be derived 
from an auxiliary nuclearity condition N\;^, introduced in Section [3 . 5 1 which is better suited 
for the study of concrete examples. 

In Chapter H] we summarize our results and consider some open problems from a 
new perspective. In particular, we discuss in detail the problem of convergence of the 
asymptotic functional approximants. 

The main part of this Thesis is accompanied by six appendices: Appendix Rl which 
develops the Haag-Ruelle scattering theory in the presence of massless particles, com- 
plements our discussion of collision theory in Section II. 2[ Appendix [B] summarizes the 
known results on the phase space structure of scalar free field theory. It provides the 
basis for the material presented in the remaining appendices. In Appendices [O and [D] 
we establish Conditions L^^^ and L^^\ respectively, in models of non-interacting particles. 
Appendices |E] and [F] are devoted to verification of Conditions and C\, in such models. 
Notably, Conditions L^'^^ and N\i^ hold both in the massive and the massless case. 

The first and last section of Chapter [3] was published in |Dy08.1| . Appendix E] essen- 
tially coincides with |Dy05| . The argument from Appendix |E] appeared (for the massless 
case) in |Dy08.2| . 

1.6 Technical Background 

We adopt here the standard Haag-Kastler framework of Algebraic Quantum Field The- 
ory [Ha| lAr] . Let Ti. be an infinitely dimensional Hilbert space and let 21 = {2t(0) C 
B(7i) I O C M**"*"^} be a net of local von Neumann algebras attached to open bounded 
regions O of the Minkowski spacetime. We denote by 2t = UocM^+i 21(0) the *-algebra of 
local observables and its norm closure 21 (denoted by the same symbol as the net) is called 
the global C*-algebra of observables. Finally, let a be a representation of the Poincare 
group P| = X in the group of automorphisms of 21 s.t. for any j4 E 21 the func- 

tion P| B (x. A) — > a(^x,A){^) is continuous in the strong operator topology of B(Tl). The 
triple (2t, a,?^) is called an (algebraic) quantum field theory if it satisfies the following 
conditions: 

1. Isotony: If d C O2 then 21(00 C 2l(02). 

2. Locality: If Oi and O2 are spacelike separated, then 2l(Oi) C 2l(02)', where the 
prime denotes the commutant in B{TC). 

3. Irreducibility: The global C*-algebra 21 acts irreducibly on the Hilbert space TC. 

4. Covariance: The representation a of PJ_ acts geometrically on the net i.e. 

a(x,A)2l(0) = 2l(AO + x). (1.6.1) 

5. Spectrum condition: There exists a strongly continuous unitary representation 
of translations 9 x — > U{x) acting on the Hilbert space Ti. which implements 
the translation automorphisms i.e. ax(') = U{x) ■ U{x)*. The joint spectrum 
of the infinitesimal generators of translations {H, Pi, . . . , Pg), corresponding to this 
unitary representation, is contained in the closed future light cone V+ = { {p^,p) G 
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We will occasionally consider sub-theories of a given theory: by a sub-theory of (21, a, "H) 
we mean a triple {^,a,Ti.) satisfying the above assumptions and s.t. 55(0) C 21(0) for 
any open, bounded region O. At times we use the notation A{x) = ax{A), (fx = a'^ip for 
translated observables j4 G 21 and functionals G 2t*. For any Banach space X, we denote 
by Xi the unit ball in X. Other definitions and results which are central in the later part 
of this Thesis are listed below: 

• Vectors of bounded energy. We denote by Pe be the spectral projection of the 
Hamiltonian H on vectors of energy bounded by E and define the dense subspace 
Db = [j Pe^ of vectors of bounded energy. 

• Functionals of bounded energy. It follows from the irreducibility property above 
that the space of normal states on 2t coincides with B{7i)^: which can be identified 
with the space T of trace-class operators on TC. We introduce the subspace Te = 
PeTPe of normal functionals of restricted energy. We denote the cone of positive 
functionals from Te by and the subset of states from by Se- The states 
from 21* which belong to the weak* closure of Tea for some E >Q will be called the 
energetically accessible states. 

It is a well known fact that any normal, self-adjoint functional on a von Neumann 
algebra can be expressed as a difference of two normal, positive functionals which 
are mutually orthogonal [Sa]. It follows that any (p e Te^i can be decomposed as 

where 99^^, yjj^ are elements of T^^. 

• Almost local observables. A typical region of spacetime to be used in the sequel 
is the double cone 0(r) = {{x^,x) G M**"*"^ | Ix'^l -|- |x| < r}, r > 0, whose base 
is the s-dimensional ball Or = {x G | |x| < r} of radius r centered at the 
origin. We say that A G 21 is almost local, if there exists a net of local operators 
{AG 2l(0(r)) I r > } such that 

lim r'^P- All = (1.6.3) 

r— ►oo 

for any /c G Nq. 

• Arveson spectrum w.r.t. spacetime translations. Given an observable G 21, 
its (local) Arveson spectrum w.r.t. the group of translation automorphisms M*"''^ ^ 
a; ^ is denoted by Sp^(a]Ks+i) and defined as the support of the operator- valued 
distribution 

B{p) = I d'^\ e-'P-^ax{B). (1.6.4) 

(27r)— J 

We say that B is energy- decreasing if Sp^(aRs+i )r\V+ = 0. There holds the following 
important result: 

Theorem 1.6.1. IBuQOjl Let B £ ^ be energy- decreasing and almost local. Let 
X C M*"*"^ be some subspace spanned by spacelike vectors and dx be a translationally 
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invariant measure on X. Then, for any compact subset K C X and any E > 0, 
there holds the bound 

\\Pe [ dxa^{B*B)PE\\<CE, (1.6.5) 
Jk 

where the constant ce is independent of K. 

The statement holds in particular for X = M'^orX = {Ae|AGM}, where e is some 
spacelike unit vector. 

Arveson spectrum w.r.t. space translations. Given an observable i? G 21, its 
Arveson spectrum w.r.t. the group of space translation automorphisms W 3 x ^ 
is denoted by Sp^(aiRO and defined as the support of the operator- valued distribution 

A{p) = -\t [ d'x e'P'^adA). (1-6.6) 
[2tt)2 J 

The following result is central for our investigations in Chapter [2) 

Theorem 1.6.2. fBu90^ For any E > 0, A £ ^ and e > there holds the bound 

sup /(i>|pl'+^+"|vj(I(p)|2 < oo. (1.6.7) 



• Vacuum states. We say that loq G 21* is a vacuum state if it satisfies the following 
conditions 

(a) a*u>o = loq for any x € W^^. 

(b) wq is locally normal i.e. 121(0) belongs to 21(0)^, for any open, bounded 
region O. 

(c) In the GNS-representation of 21 induced by loq there holds the spectrum condi- 
tion (given by property 5 above). 

We note that the local normality property (b) and the fact that local observables 
form a norm dense subspace in 21 ensure continuity of the functions M*'*'^ 9 x — > 
ojq{AB{x)), for any A,B £ ^H. This entails the existence of the generators of trans- 
lations (Hi^q,Pi^q) in the GNS-representation induced by loq. 
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Chapter 2 



Spectral Decomposition and 
Existence of Particles 



The goal of this chapter is twofold: First, to formulate general conditions on the local 
net of observables which imply that the particle content of a theory is non-trivial. More 
precisely, to assure that the limit points as t ^ cxd of the integrals 



are finite and different from zero for some observables C G 21 and physical states uj. Follow- 
ing the heuristic reasoning from |Bu94j . our strategy is to link the quasi-local observables 
C to the (0, 0)-component of the stress-energy tensor T^^, whose integral over the whole 
space is a constant of motion. The fact that T^^ is a local quantity motivates the sec- 
ond aim of this chapter, namely to understand the behavior of local observables under 
translations in space. 

As a first orientation we consider in Section 12.11 the quantum mechanical case of space 
translations x U{x) acting unitarily on a Hilbert space. With the help of the ergodic 
theorem we formulate the decomposition of the Hilbert space into the respective pure-point 
and continuous subspaces in a way which facilitates its generalization to the Banach space 
setting. Proceeding to the more detailed spectral analysis, we show that the generic prop- 
erty of the functions x — > {^\U{x)'^), where the wavefunction of ^ is localized in space, 
is not integrability, required in (j2.0.ip . but the weaker property of square- integrability. 

In Section 12.21 we turn our attention to the case of space translation automorphisms 
X ^ acting on the algebra of local observables 21 in QFT. We show that in theories with 
decent vacuum structure, as described by Condition V stated below, there holds a coun- 
terpart of the ergodic theorem. It offers a natural decomposition of 21 into the pure-point 
and continuous parts. The square-integrability of the functions x — > u;(a^(A)), where A 
is a local operator, provides a meaningful definition of the absolutely continuous subspace 
2lac for space translations in QFT. In the present case, however, square-integrability may 
fail, due to singularities at zero momentum transfer, exhibited by some infrared-sensitive 
observables. A new concept of the infrared order of an operator is introduced to quan- 
tify this effect. Such operators typically span a finite-dimensional subspace which we call 
the point-continuous subspace 2lpc. It does not have a quantum mechanical counterpart 
and carries information about the infrared structure of a theory. Thus we arrive at the 




(2.0.1) 
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decomposition 

21 = 2tpp e 2tpc © Slac (2.0.2) 

which is studied in examples in Subsection l2.2.3l The more technical part of this discussion 
is given in Appendix [Cl 

With integrals (j2.0.ip in our main focus, it is certainly of interest to identify theories 
with regular infrared behavior. Therefore, in Section [2.31 we formulate a condition which 
assures that the point-continuous subspace is trivial. At the same time it identifies a class 
of particle detectors which are sufficiently close to the stress energy tensor, to conclude 
that the particle content is non-trivial. These results demonstrate the interplay between 
the spectral aspects and the particle structures in QFT. (The condition is verified in a 
model of non- interacting massive particles in Appendix [D]) . 

2.1 Space Translations in Quantum Mechanics 

In this section we revisit the well known spectral theory of strongly continuous unitary 
representations of translations 3 x ^ U{x) acting on a Hilbert space Ti. Our goal is 
to motivate its generalization to the context of translation automorphisms acting on the 
algebra of observables, which we undertake in the next section. 

The pure-point subspace is spanned by the joint eigenvectors of the generators of 
translations i.e. 

Wpp = Span{ ^ G H I U{x)-^ = 6"*^%, for some :p G and ah f G }. (2.1.1) 

The continuous subspace TLc is simply the orthogonal complement of 'H-pp in TL. However, 
it is convenient for our purposes to have a characterization which does not rely directly on 
the concept of orthogonality, specific to Hilbert spaces. Therefore, we recall that due to 
the ergodic theorem [RSI], the spectral projection Pjp-} on a point pin the joint spectrum 
of the generators of translations is given by 

P|„-.| = s-lim I d'xU(x)e'P^, (2.1.2) 

KyR" \K\ Jk 

where the limit is taken w.r.t. to an increasing net of compact sets K dW^ ordered by 
inclusion. Now the continuous subspace is determined as follows 

We= n ker (2.1.3) 

This subspace can be further decomposed into the absolutely continuous and singular 
continuous parts Tic = H-ac © '^sc and we note the following simple criterion which implies 
that a vector belongs to the absolutely continuous subspace. 

Proposition 2.1.1. Suppose that the function 9 x — > {^\U {x)"^) is square-integrable 
for some ^ eTC. Then ^ G ?^ac. 

This statement follows from the Plancherel theorem and the fact that any square-integrable 
function is locally integrable. 

In the next section we propose a similar square-integrability condition as a charac- 
terization of the 'absolutely continuous' subspace of the algebra of observables. In order 
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to motivate such a restrictive definition, we consider now briefly a concrete unitary rep- 
resentation of translations 9 x — > U{x) acting on the Hilbert space L^(M*,(i*x) as 
follows 

(J7(x)^')(y) = ^'(y-f), ^ e L^{R',d'x). (2.1.4) 

In this setting a natural analogue of a local observable is a vector S L^(R*, d^x) which has 
(a representative with) a support in an open bounded region. In the next lemma we show 
that these vectors satisfy the square-integrability condition stated in Proposition 12. 1 . H 

Lemma 2.1.2. Let <I>,^' € L^(M*, d^x). Suppose that has (a representative with) a 
support in an open, bounded region O C M*. Then there holds 

j d'x\mU{x)-^)\^ < \0\ ll^-f , (2.1.5) 

where \0\ is the volume of the region O. 
Proof. Using the Plancherel theorem we obtain 

j d'x\{^\U{x)^)\'^ = {2ttY J (i"p|$(p)p|$(p)|2. (2.1.6) 
The support property of ^' gives 

\^{p)f <{27r)-'(^J d'x\^{x)\^ < (27r)~^|0| ll-f f , (2.1.7) 
what concludes the proof. □ 

More importantly, the square-integrability of the functions 9 x — > {^\U{x)^), proven 
in the above lemma, cannot be improved to integrability with any lower power. In fact: 

Lemma 2.1.3. For any < k <2 there exist <I>,^' G L^(M'*, d'^x) s.t. ^' has (a represen- 
tative with) a support in an open, bounded region O and 

d'x\{^\U{x)^)\'' = oo. (2.1.8) 

Proof. Let O be the ball of radius R > centered at the origin. Let x G C^(M'*) be a 
positive function, s.t. xi^) = x(~^); supported in this ball. We set for some < 5 < s 

m := (2.1.9) 

\p\ 2 

§(p) := x{p). (2.1.10) 

s — S s~\-S 

Making use of the fact that the Fourier transform of p — > \p\ ~ equals x cs\x\ ~ > 0, 
where cs = 22 1^ , we obtain 

mum) = i27r)-i [d'y—^^ [d'zxiz)xiz-y} (2.1.11) 

J \y + x\ 2 J 

/ r \ 2 



> (27r)-2 " d^yxiy) . (2.1.12) 

{\x\ + 2R) — 
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Consequently, for < A; < 2 and sufficiently small 5 > 0, integral (j2.1.8p diverges. □ 
Summing up, the square- integr ability of the functions 

9 f ^ ($|C/(f)^), (2.1.13) 

uniformly in $ G L^(M*, d^'x), ||$|| < 1, is the best possible generic feature of vectors 
compactly supported in configuration space. Turning our attention to quantum field the- 
ory, we recall that such vectors are our analogues of local observables A G 2t. Furthermore, 
vectors <I> correspond to normal functionals of bounded energy if G Te and the group of 
unitaries 9 x ^ U{x) is the counterpart of the group of translation automorphisms 
9 X ^ a^. Thereby the transition amplitudes (j2.1.13p between $ and the translates of 
^ provide a toy model for the expectation values of translates of local operators on states 
of bounded energy: 

3 X ^ cp{asiA)). (2.1.14) 
These functions are the main subject of the remaining part of this chapter. 

2.2 Space Translations in Quantum Field Theory. Spectral 
Decomposition 

In this section we construct the spectral decomposition of the *-algebra of local operators 
2t = UocM'^+i 21(0) into subspaces which differ in their behavior under translations in 
space. We first identify the pure-point and the continuous subspace in Subsection I2.2.1[ 
Next, in Subsection 12.2.21 we decompose the continuous subspace into suitably defined 
absolutely continuous and point-continuous parts. The latter subspace is a new feature 
which does not have a counterpart in the Hilbert space setting considered in the previous 
section. Since we abstracted our decomposition from the study of physically relevant 
examples, discussed in Subsection 12.2.31 we do not expect any counterpart of the singular- 
continuous subspace to appear. In fact, in the quantum-mechanical framework outlined 
in Section 11.11 the singular-continuous subspace is trivial in models with complete particle 
interpretation. 

2.2.1 Pure-Point and Continuous Subspace 

In order to determine the pure-point spectrum, suppose that ^ G 21 is an eigenvector of 
the translation automorphisms 3 

as{A) = e-'^A, x G (2.2.1) 

for some g G M*. Then A belongs to the center of 2t, since locality gives 

||[Ai3]|| = , lim ||MA),S]|| =0, 5G21. (2.2.2) 

The irreducibility assumption from Section 11.61 ensures that the center of 21 consists only 
of multiples of the unity. Hence the pure-point subspace is given by 



app = {A/|AGC}. 



(2.2.3) 
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Since we do not have the concept of orthogonality, it is a priori not clear how to choose 
the complementing continuous subspace. In order to restrict the family of admissible 
projections P{o} on 2lpp, we proceed along the lines set in the previous section: we introduce 
the following family of approximants 

PmA^) = ^ ^ «-(^)' ^ ^ ^' (2.2.4) 

which are defined as weak integrals for any compact subset X C M*. (They belong to 21 
by the von Neumann bicommutant theorem). In the present setting we do not have the 
ergodic theorem at our disposal, hence it is not clear if the the above net converges as 
K y . However, there holds the following simple proposition. For reader's convenience 
we include the standard argument. 

Proposition 2.2.1. There exists a net {Kjs C |/3 G 1} of compact subsets ofMf s.t. 
Kjs W and for any ^ € 21 there exists the limit in the weak* topology of B(7i) 

P{0}(^) :=w*-lim^ / d'xasiA). (2.2.5) 

Moreover, Ps^q^{A) = loq{A)I for some state loq G 21*, which is invariant under spacetime 
translations and belongs to the closure ofTE^i, for any E > 0, in the weak* topology of^*. 

Proof. For any normal functional (p the function W 3 x ^ atip is continuous w.r.t. 
the norm topology in T. Given any compact subset K C M'^, we define the functional 
(pK £ T as the Bochner integral 



fK = j^J^d'xatip. (2.2.6) 



Now we fix a state cu £ T and obtain, from the Banach-Alaoglu theorem, a net { C 
W\ 13 £1} and a state loq G 2t* s.t. 

limojKpiA) = uJo{A), ^ E 21. (2.2.7) 

By locality, {P{o}^Ki^)}KcM.'' is a central net, i.e. for any i? G 2t there holds 

^limJ|[P{o},/c(^),i?]||=0. (2.2.8) 

Therefore, all its limit points w.r.t. the weak* topology of B{7i) are multiples of the 
identity, by the assumed irreducibility of 21. It follows that for any 99 G T, A E 21 

^lim^ {pk{A) - iVKiAMD) = 0. (2.2.9) 

Consequently 

w*-lim— ^ / d''xa,j;{A)=ujQ{A)I. (2.2.10) 

Moreover, by choosing if = a*LO for some y E M^"^"^, we obtain from (j2.2.9p that cjq is 
translationally invariant. Similarly, noting that if E T^e,i then ipx E T^^i, we obtain 
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that ujQ belongs to the weak* closure of Tg^i in 2t* for any E >0. O 

In contrast to the ergodic theorem from the Hilbert space setting, this proposition does 
not provide us with a unique projection on the pure-point subspace. However, it restricts 
the admissible projections to expressions of the form Pjo} ( • ) = ujq{-)I where ujq is a trans- 
lationally invariant, energetically accessibl^ state. A thorough discussion of such states 
is the subject of Chapter [3l where the general postulates from Section 11.61 are supple- 
mented with physically motivated phase space criteria. It is shown that under the existing 
Condition Cjj [BP90j every state ujq satisfying the conditions from Proposition 12.2.11 is a 
vacuum state, as defined in Section [L6l More importantly, we introduce new phase space 
conditions C|, and C\^, the former inspired by the behavior of coincidence measurements, 
the latter motivated by the physical principle of additivity of energy, and show that each 
of them entails the uniqueness of the energetically accessible vacuum state. These results 
provide evidence to the effect that in a large class of physically relevant models there holds 
the following condition, which we adopt as a standing assumption in this chapter. 

Condition V : A state G 2t*, which is invariant under spacetime translations and 
can be approximated by elements from Te for some E >0 in the weak* topology of 
21* , is unique and is a vacuum state. 

Under this condition the projection on the pure-point subspace P{o}{ ■ ) = '^o( " )I is fixed 
by the unique, energetically accessible vacuum state u)q. Thus we obtain from Proposi- 
tion [22Il] the following ergodic theorem for translation automorphisms in QFT: 

Theorem 2.2.2. Suppose that Condition V holds. Then for any A G 21 there exists the 
limit in the weak*" topology of B{Ti.) 



P{0}iA) = w*- ^im^j^J^d'xa,iA). (2.2.11) 



Moreover, i-|o|(^) = iOo{A)I, where ujq £ 21* is the unique energetically accessible vacuum 
state. 

Guided by relation ()2.1.3p . we define the continuous subspace as 2lc = kerPjo} or equiva- 
lently 

2lc = {A£^\uJo{A) = 0}, (2.2.12) 

where is the unique energetically accessible vacuum state appearing in Theorem I2.2.2[ 
For future convenience we also define 2tc(0) = {A £ 2l(0) | uJo{A) =0}. 



2.2.2 Absolutely Continuous and Point-Continuous Subspace 

Proceeding to more detailed analysis of the continuous subspace, we note that if Con- 
dition V holds, then for any A £ 21c, spacelike unit vector e G M*"''^, and ii^ > 0, we 
get 

lim ip{axe{A)) =0, ^ G Te. (2.2.13) 



^We call a state oj G 2t* energetically accessible if it belongs to the closure of Te,i for some _E > in 
the weak* -topology of 21*. 
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This is justified making use of the fact that {aAe(^)}A>o is a central net and proceeding 
as in the proof of Proposition 12.2.1] (See also Proposition 13.1.4] below). In view of this 
property, we can base further decomposition of 2lc on decay properties of the functions 
W B X ^ Lo{a^A). Guided by our discussion in Section \27l\ we expect that the best 
possible generic property of such functions should be square-integrability. Let us now 
demonstrate that in any quantum field theory there is a non-trivial subspace of local 
operators which are square-integrable in the sense made precise in Proposition 12. 2. 3] below. 
For this purpose we consider the operator-valued distribution 

Mp) = f d'pe'P^asiA), A G 21. (2.2.14) 

(27r)2 J 

If A ^ 2lpp, then the support of this distribution (i.e. the Arveson spectrum of A w.r.t. 
space translations) coincides with M** |Bu90j . A more detailed spectral theory should 
determine not only the support, but also regularity properties of the distribution (j2.2.14p . 
As we mentioned in Section [1.61 the first step in this direction was taken by Buchholz who 
has shown that in any local, relativistic QFT there holds the following bound 

sup [ d'p\p\'+^+'\ip{A{p))\'^ < oo, Ae% (2.2.15) 

for any > 0, e > [Bu90| . Making use of the fact that for any / G S'(M*) there holds 

Mjm = i27T)if{p)Aip), (2.2.16) 

where A{f) = J x a^{A) f (x) , it is not difficult to find non-trivial operators A G 2tc 
which satisfy a stronger estimate. 

Proposition 2.2.3. In any quantum field theory admitting a vacuum state ujq G 2t*, there 
exist / A G 21 s.t. uJo{A) = and 

\\Me,2-= sup ( [ d'p\^{A{p))A' < ^. (2.2.17) 



E,l 



Proof. We pick A ^ 2lpp. Since the support of the distribution 9 p — > A{p) coincides 
with and the space C^(M*) of smooth, compactly supported functions is dense in 
^(M") we can find a function / G C^(M^) s.t. A{f) = A{f) / 0. Next, for any n G N we 
introduce functions /« G C^(M*) given by 

/n(p1 = /(p)|pf". (2.2.18) 

Then the operators A{fn) G 21 are also different from zero. (Otherwise the support of 
p — > A{p) would have to be contained in {0}). Setting 4n > s + 1 we obtain from 
identity (j2.2.16p and estimate (12.2. 15p that ||yl(/„)||£;,2 < oo for any E > 0. In order to 
verify that u}o{A{fn)) = 0, we use local normality of the state loq to exchange its action 
with integration and the fact that /n(0) = 0. □ 

We call operators j4 G 2tc, which satisfy the bound ()2.2.17p for any E > 0, square- 
integrable. We know from Section 12.11 that the quantum-mechanical analogue of this 
property implies absolute continuity of the spectral measure and cannot be improved to 
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integrability with any smaller power. Thus we define the absolutely continuous subspace 
of 2lc as consisting of all square-integrable observables 

2lac = { A G 2tc I \\A\\e,2 < oc for any > }. (2.2.19) 

This subspace is non-trivial in any local, relativistic QFT by Proposition 12.2.31 and we 
expect from Lemma 12.1.21 that it is large in a certain sense. Also our discussion of quan- 
tum mechanical scattering in Section 11.11 suggests that the absolutely continuous subspace 
should exhaust the continuous subspace in physically relevant models. In quantum field 
theory such situation prevails in massive models, admitting sufficiently many particle 
detectors, as we show in Theorem 12.3.11 below. However, in Subsection 12.2.3] we demon- 
strate that in a large family of massless theories the subspace 2lac has non-zero, but finite 
co-dimension in 2lc. This case study reveals a class of models in which the absolutely 
continuous subspace has the following characterization: 

Condition L^^^: There exists a finite family of (possibly unbounded) linear func- 
tionals ti, . . . , t„ on 21, invariant under translations in space, s.t. 

2tac = ker n ker n n . . . n ker t„. (2.2.20) 

We find it noteworthy that the square-integrability requirement from definition (j2.2.19p 
can, in many cases, be replaced with the linear-algebraic condition ()2.2.20l) . The problem of 
constructing the distinguished family of functionals {tj}" in particular examples is treated 
in Appendix[Cj Here we remark that in theories complying with Condition L^^^ the direct 
sum complement of 2lac in 2lc exists and is finite dimensional. This latter property makes 
it similar to the pure-point subspace, although it certainly belongs to 2tc. Therefore, we 
propose the term point- continuous subspace 2lpc for this direct sum complement. Thus 
we arrive at the decomposition 

2t = 2tpp©2lpce2tac. (2.2.21) 

Of course, the point-continuous subspace is non-unique and we do not introduce any natu- 
ral choice here. However, its dimension and the behavior of its elements under translations, 
which we study below, do not depend on the selection which is made at this point. 

If the point-continuous subspace is non-trivial, the continuous subspace contains ob- 
servables which are not square-integrable. It is our next goal to quantify their deviation 
from square-integrability. For this purpose we introduce the concept of the infrared order 
of an observable A £ 

ord(^) := inf{ /? > I sup [ d'p\p\'^\^{A{p})\'^ < oo for sdl E > 0}. (2.2.22) 

Moreover, we define the set Ord(2lc) = { ord(A) | A £ 2lc}- It follows from esti- 
mate (j2.2.15p . due to Buchholz, that ord(^) < s + 1 for any j4 G 2lc in any local, relativistic 
QFT. However, the models studied in Subsection 12.2.31 below are far from saturating this 
bound. These examples demonstrate that the detailed regularity properties of the distri- 
butions (j2.2.14p . which are captured by the dimension of the point-continuous subspace 
and the infrared orders of its elements, can provide a distinction between different theories. 
In contrast, as we mentioned above, the Arveson spectrum of any A G 2tc w.r.t. the space 
translations 9 x — > coincides with R*. 
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2.2.3 Instructive Examples 

In this subsection we study briefly the spectral decomposition in scalar free field theory 
and related models, introduced in Section rB.2[ This discussion substantiates the point that 
the detailed spectral concepts, introduced in the previous subsection, provide a distinction 
between different models. 

The first pair of examples are massive scalar free field theory and its even part, defined 
in Section [B.2[ As we expect perfectly regular infrared structure here, these models serve 
as a reference point for our later discussion. In fact there holds: 

Theorem 2.2.4. Massive scalar free field theory and its even part satisfy Condition L^^^ 
and have trivial point- continuous subspace for any dimension of space s > 1. 

This result can be extracted from our discussion in Section [2. 31 b elow : There we formulate 
Condition L^^^ (a) which, roughly speaking, assures that the theory admits sufficiently 
many particle detectors. We verify in Appendix |D] that massive scalar free field theory 
and its even part satisfy this criterion. Then Theorem 12.3.11 entails the above result. 

Let us now turn to the more interesting massless case. To exclude from consideration 
the unduly complicated infrared structure of low dimensional massless models, we set 
s > 3. Let (21, a, 7i) be the local net generated by the massless scalar free field acting 
on the Fock space n. Let (2l(^\a,H(^)) be the even part of this theory, that is the local 
net generated by even polynomials of the field acting on the even part W(^) of the Fock 
space. Finally, we denote by (Sl^'^) , a, TC) the sub-theory of massless scalar free field theory 
generated by derivatives of the massless scalar field. For precise definitions of these models 
see Section [B21 Condition V, which is the starting point of our spectral analysis, is verified 
in these examples in Theorem 13 . 4 . 3 1 and Appendix |El For the proofs of the three theorems 
stated below consult Appendix ICl 

The following theorem describes the dimensions of the point-continuous subspace and 
the infrared orders of its elements in the full massless scalar free field theory. 

Theorem 2.2.5. Massless scalar free field theory satisfies Condition L^^^ for s > 3. 
Moreover, there hold the following statements: 

(a) // s = 3, then dimSlpc = 2 or 3 and Ord(2lc) = {0, 1, 2}. 

(b) Ifs = A, then dimSlpc = 1 or 2 and Ord(2lc) = {0, 2}. 

(c) //s > 5, then dimSlpc = 1 and Ord(2lc) = {0,2}. 

Clearly, the situation differs substantially from the massive case mentioned above. As 
expected, the infrared structure improves with increasing dimension, in the sense that the 
dimension of the point-continuous subspace decreases. However, this subspace remains 
non-trivial for any s > 3. In parts (a) and (b) of the above theorem further investigation 
is needed to determine the dimension of 2lpc exactly. 

The next example which we present is the even part of massless free field theory. The 
following result demonstrates that the infrared structure is significantly modified if one 
restricts attention to even observables. 

Theorem 2.2.6. The even part {^^'^^ ,a,TC^^'') of massless scalar free field theory satisfies 
Condition L^"^^ for s > 3 and there hold the following statements: 
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(a) Ifs = 3, then dim2tp/ = 1 and Ord(2li'0 = {0, !}• 

(b) Ifs = A, then dimSlp'^ = or 1 and Ord(2tf ^) = {0}. 

(c) // s > 5, then dimSlp'j = 0. 

Here the point-continuous subspace is again non-trivial in physical spacetime, but disap- 
pears in higher dimensions. We note that the maximal infrared order of local observables 
in this model is strictly smaller than the corresponding quantity in the full theory for any 
dimension of space s > 3. Again, the precise dimension of the point-continuous subspace 
in part (b) remains to be determined. 

Our last example is the sub-theory of massless free field theory generated by the deriva- 
tives of the field. 

Theorem 2.2.7. The sub-theory {^^'^■^ ,a,Tl) of massless scalar free field theory satisfies 
Condition L^^^ and has trivial point- continuous subspace for any dimension of space s > 3. 

This theorem demonstrates that triviality of the point-continuous subspace is not a charac- 
teristic feature of massive models. Such mild infrared structure may occur also in massless 
theories. 

The case study, presented in this subsection, demonstrates that the detailed spectral 
concepts of the point-continuous subspace and the infrared order provide quantitative 
means to compare the infrared behavior of different quantum field theory models. For 
example, for s = 3 there holds 

dim2tpc > dimSlp'li* > dim^'^J , (2.2.23) 

thus we can meaningfully order the three massless models under study w.r.t. their infrared 
properties. Presumably, more detailed spectral analysis is needed to distinguish between 
massive scalar free field theory and (2l^*^\ a,Ti.). We expect that allowing for negative val- 
ues of the infrared order (see formula (j2.2.22p ) could serve this purpose, but computations 
remain to be done. 



2.3 Triviality of Point- Continuous Subspace and Existence 
of Particles 

In the previous section we constructed a general decomposition of the algebra of observ- 
ables 2t into subspaces which differ in their behavior under translations in space. Moreover, 
we identified the point-continuous subspace 2lpc which carries information about the in- 
frared structure. In this section we formulate a condition which characterizes a class of 
theories with 2lpc = {0}. We show that models complying with this assumption and 
admitting in addition a stress-energy tensor, have non-trivial particle content. 

We argued in Section [2.11 that square-integrability under translations in space should 
be the best possible generic feature of local operators. However, almost-local operators 
may have much better integrability properties. In fact, Theorem 11.6.11 due to Buchholz 
gives us a large class of observables C G 21 which satisfy 

\\C\\e,i:= sup [ d'x\ip{C{x))\ <oo. (2.3.1) 
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The observables C € 21 which satisfy the above bound for any E > will be called 
integrable. A natural framework for our investigations is based on the subspace of 21 
spanned by all such integrable operators: 

2l(i) = { C e 21 1 ||C||s,i < oo for any ^ > }. (2.3.2) 

Equipped with the family of seminorms { || • \\e,i \ E >0}, the space is a locally con- 
vex Hausdorff space and we call the corresponding topology T^^\ (This is established as 
in Section 2.2 of |Po04.1j ). The new Condition L^^\ stated below, specifies another class 
of integrable, almost-local observables which, as we shall see below, can be used to approx- 
imate the stress-energy tensor. These observables are of the form A{g) = J dt at{A)g{t), 
where ^ G 2tc and g £ S'(M) is a suitable time-smearing function. 

Condition L(1): There exists such /u > that for any g G S'(IR) s.t. supp^ c] — ^, //[ 
there hold the assertions: 

(a) A{g) G 2t(i) for any A G 2tc, 

(b) \\A{g)\\E,i < ciWR^AR^W for any A G "^dO), I > 0, 

where R = {1 + H)^^ and the constant q depends also on O, E > and g. 

This condition seems to be a generic property of purely massive theories. We verify it in 
massive scalar free field theory in Appendix [Dl Part (a) is verified also in the even part of 
this theory (defined in Section [B?2]) making use of the fact that the norm of an (even) local 
operator A does not change upon its restriction to the even subspace of the Fock space (cf. 
formula ()B.2.17P ). This property reflects the fact that a state consisting of an odd number 
of particles can be approximated in any bounded region of spacetime by a state consisting 
of an even number of particles by shifting one particle to spacelike infinity. We expect 
that a similar reasoning can be applied to the dislocalized operators R^AR\ appearing in 
part (b) of the condition, but the computation remains to be done. We also conjecture 
that the above criterion can be established in theories of charged, non-interacting massive 
particles. 

Now we are ready to prove the main spectral result of this section, namely that theories 
satisfying Condition L(i) (a) have trivial point-continuous subspace. In other words, we 
show that Condition L(i) (a) implies Condition L(^) with the functionals {tj}" equal to 
zero. 

Theorem 2.3.1. Assume that Condition L(i) (a) holds. Then 2tpc = {0}. 

Proof. It suffices to show that for any yl G 2lc and any E > fi, where fj, appeared in 
Condition L(i) (a), there holds ||^||_e;,2 < oo. To this end, we choose a function / G S{M.) 
s.t. / = (27r)^2 on [—E, E] and supp/ C [—2E, 2E]. With the help of a smooth partition 
of unity we can decompose / as follows: f = + + /q, where supp /_ C [—2E, — ^/2], 
supp/+ C [fi/2,2E], and supp/o C] — /U,/i[. Then there holds 

PeAPe = PEA{f)PE = PEA{f^)PE + PEA{f+)PE + P£^(/o)Pi?. (2.3.3) 

We note that ^(/o) is square-integrable (and even integrable) by Condition L(i) (a). To 
the remaining terms we can apply Theorem ll.6.H since both A(/_) and A{f^)* are almost 
local and energy-decreasing. This latter statement follows from the equality 

MJ^Kp) = (2vr)5/_(/)I(/,p-) (2.3.4) 
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which implies that the support of A{f^) does not intersect with the closed future light- 
cone. (An analogous argument applies to ^(/-f)*). Thus we obtain from Theorem II. 6. H 
for any compact subset K CM^, 



sup / d^x|u;(A(/_)(f))|^ < sup / d^xa;((^(/_)M(/_))(x)) <CE. (2.3.5) 

Here c^; is independent of K hence we can take the limit K y and the claim follows 
from decomposition (jl.6.2p and definition (j2.2.17p of the seminorms || • \\e.2- The case of 
A(/+) is treated analogously. □ 

Proceeding to the particle aspects of the theory, we define, for any ip £ T^, the net 
{cr^^^}teR+ of functionals on 521^^^ given by 

aW(C) = I d'xipiatMC)). (2.3.6) 

This net satisfies the uniform bound |fT^*^(C)| < \\ip\\ ||C||£;^i. Therefore, by the Alaoglu- 

Bourbaki theorem (see [Ja] . Section 8.5), it has limit points in the topological dual 
of (Sl^^^T*^^)) which are called the asymptotic functionals. The set of such functionals 

^ = {aj^^ \ip £Te for some E>0} (2.3.7) 

is called the particle content of a theory. This terminology is justified by the fact that 
in asymptotically complete theories of Wigner particles, discussed in Section 11.21 these 
functionals are related to the asymptotic particle density. In fact, for one species of 
Wigner particles, and C = B*B, where B is almost local and energy-decreasing, there 
holds [AH671 lEil75] 

4+)(C) = (2^)^ I d^p^{a*''^\p)a^-\mP\C\P), (2-3.8) 

where a*°^^{p), a°^^{p) are the creation and annihilation operators of the mode p from the 
Fock space of outgoing states and the kernels p {p\C\p) are smooth, positive functions 
which are different from zero for suitably chosen B. This guarantees the existence of 
non-trivial asymptotic functionals a!p~^ in this restrictive context. It is now our goal to 
show that *P 7^ {0} not relying directly on the Wigner concept of a particle. Since our 
argument is based on the existence of the stress-energy tensor, which is postulated in 
Condition T below, we recall the definition and properties of pointlike-localized fields: 
We set R = {1 -\- H)^^ and introduce the space of normal functionals with polynomially 
damped energy 

Too = fl R^TR^, (2.3.9) 
/>o 

where T = B{7i)^. We equip this space with the locally convex topology given by the 
norms || • ||/ = • for / > 0. The field content of a theory is defined as follows 

|FH81| 



^FH = { G 'CI ^V^' e n R^'^{0{r))Rl for some / > }. (2.3.10) 



r>0 



2.3. Triviality of Point-Continuous Subspace and Existence of Particles 



29 



There holds the following useful approximation property for pointlike-localized fields which 
is due to Bostelmann |Bos05.l] : For any (j) S $fh there exists I > and a net G 
^{0{r)), r > 0, s.t. 

lim\\R\Ar-(l))R^\\=0. (2.3.11) 

r— >0 

It follows from Proposition 12.2.11 that for any E > one can choose a net {y^^j^gi of 
functionals from Tg^i, approximating loq in the weak* topology of 21*. Therefore, we 
obtain 

\u;o{A)\ < WPeAPeW, Ae% (2.3.12) 

and the approximation property (j2.3.1ip implies that loq can be uniquely extended to 
elements from <I>fh- We can therefore introduce the continuous part of this space 

^FH,c = {</'G ^fh|wo(0) = 0}. (2.3.13) 

The approximation property (j2.3.1ip can now be restated as follows: For any cp G ^fh,c 
there exists / > and Aj. £ 2tc(C'(r)) s.t. 

lim \\R^{Ar - 0)i?'|| = 0. (2.3.14) 

Making use of Condition L^^ (b) we also obtain, for any time-smearing function g £ 5(IR) 
s.t. supp^ c] — /i, nl, 

lim\\Ar{g)-<P{g)\\E,i = 0. (2.3.15) 

This implies, in particular, that ||</'(5')||£;,i < oo for any (j) G $fh,c, what prepares the 
ground for our next assumption: 

Condition T: There exists a field T^^ £ ^fh,c which satisfies 

j d'xipiT^\g){x)) = ^(H), if G Te, (2.3.16) 

for any E > and time-smearing function g E S{R.) s.t. suppy c] — /i, ^(0) = 
(27r)-i 

This condition holds, in particular, in massive scalar free field theory and its even part as 
we show in Theorem IB. 2.11 With the stress-energy tensor at hand, it is easy to prove that 
the particle content of the theory is non-trivial: 

Theorem 2.3.2. Suppose that a theory satisfies Conditions L^-^^ and T. Then, for any 
ip G Te s.t. (p{H) 7^ 0, the corresponding asymptotic functionals satisfy aj^'^ ^ 0. 

Proof. We choose g £ S'(M) as in Condition T and < e < ^\(p{H)\. Making use of 
Condition (b) and relation (I2.3.15D . we can find C £ 21^^) s.t. ||rOO(g) - C\\e,i < e. 
Then, exploiting Condition T and invariance of H under time translations, we obtain 

\^{H)\ = I J d^x^(T00(5)(x))| <e + | J d'xipiC{t,x))\- (2.3.17) 

Thus we obtain a positive lower bound on the asymptotic functional approximants, defined 
by ()2.3.6p . which is uniform in time. □ 
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We emphasize that we have proven here more than non-triviality of the particle content 
- we have verified that every physical state, which has non-zero average energy, gives rise 
to a non-trivial asymptotic functional. 

The framework, which we considered above, is more general than the one considered 
in the theory of particle weights developed by Buchholz, Porrmann and Stein |BPS91j . 
These authors introduced the left ideal 

£ = { AB \ A, B £ B is almost local and energy-decreasing } (2.3.18) 

and proposed the *-algebra of particle detectors C = £*£ as the domain of asymptotic 
functionals. It follows from Theorem II. 6. 1^ polarization identity and the bound B*AB < 
\\A\\B*B, valid for any self-adjoint operator A, that (t C St^-*^). Similarly, (t{g) C 2t(^\ 
where <t{g) = {C{g)\C £ (t} for some time-smearing function g S S'(M). As C may be a 
proper subspace in 21^^^, it is not clear if the asymptotic functionals, which are non-trivial 
on 21(1) by Theorem EAll 

remain non-trivial after restriction to C This gap can be closed 
with the help of the following strengthened form of Condition L^^\ 

Condition L^^^: There exists such fi > that for any g € 5(]R) s.t. suppg C] —fi, /x[ 
there hold the assertions: 
tW 

(a) A{g) £ (t{g) for any A E 2lc, 

(b) \\A{g)\\E,i < ciWR^AR^W for any A G 21^(0), / > 0, 

where the constant q depends also on O, -E > and g. 

Making use of the fact that 3 E ^ ||C||£;,i is an increasing function for any fixed 
C G 2lW, part (a) of the above criterion can be restated as the requirement that for any 
E >Q and e > there exists C £ <t s.t. 

\\A{g)-C{g)\\E,i<e. (2.3.19) 

We verify in Appendix[D]that this condition holds in massive scalar free field theory, hence 
it is consistent with the basic postulates. However, it seems to be too specific to hold in the 
even part of this theory (defined in Section rB.2p or in models containing charged particles. 
As we mentioned above, in the restrictive framework of theories satisfying this condition, 
we can solve the problem of existence of non-trivial asymptotic functionals on C 

Theorem 2.3.3. Suppose that a theory satisfies Conditions L^^'^ and T . Then, for any 
(/5 £ Te s.t. ip{H) 7^ 0, the corresponding asymptotic functional satisfies cr^^\fr ^ 0. 

Proof. We choose g £ S'(M) as in Condition T. With the help of Condition L^^^ and 
formula (12.3. 15p we can find, for any e > 0, a detector C £^ s.t. \\T^^{g) - C{g)\\E,i < e. 
There holds 

\^{H)\ = 1 1 d'xu;iT^^{g){x))\<e+\ J d^x ipiC{g){t,x))\ 

= e + \ j drgir) j d'xujiCit + t,x))\, (2.3.20) 

where in the last step we made use of the fact that ||C||£;^i < oo and of the Pubini theo- 
rem to change the order of integration. Assuming that limt^oo / d^x {p{C{t,x)) = and 
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making use of the Lebesgue dominated convergence theorem, we arrive at a contradiction 
if e < \ip{H)\. □ 



We recall, that in the framework of Buchholz, Porrmann and Stein any asymptotic func- 
tional cr^'^^le;, where uj ^ S 
called pure particle weight^ 



tional cr^^^le;, where uj S S^, can be decomposed into pure functionals a^j^^ on C, the so 



^L^^\€ = / df,iX)a[+\ (2.3.21) 



J2 



which are labeled by sharp four-momentum p\ and a label 7a which carries information 
about the internal degrees of freedom. This decomposition generalizes relation (|2.3.8p . 
valid in the framework of asymptotically complete Wigner particles. A possible formula- 
tion of the problem of asymptotic completeness in the general context was proposed by 
Buchholz in [Bu94j . In particular, it should be possible to determine the energy and mo- 
mentum of any physical state ui G Se, knowing its particle content from formula ()2.3.2ip . 
That is, there should hold 



coiP) = / df,{X)px, (2.3.22) 



where P = {H, P) and the measure dfi is suitably normalized. It was conjectured in 
|Bu94] that this relation holds in models admitting a stress-energy tensor. We note that 

Condition L^^^ provides a link between pointlike-localized fields and the algebra of par- 
ticle detectors £ on which the decomposition (I2.3.2ip has been established (up to the 
technical details mentioned in the footnote). Therefore, our criterion should be useful for 
establishing this form of asymptotic completeness. 



^As a matter of fact, the decomposition has been established only on some subalgebra of regular particle 
detectors in C We refer to [Po04.1) for details. 
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Chapter 3 



Uniqueness of Spectral 
Decomposition and Vacuum 
Structure 

The decomposition of the algebra of local observables 21 into spectral subspaces, performed 
in the previous chapter, was based on Condition V, stated in Section 12.21 This criterion 
guarantees that a state which is translationally invariant and energetically accessible is 
unique and is a vacuum state. Among its consequences is the ergodic theorem 12.2.21 which 
gives the unique projection P|o} on the continuous subspace of the algebra of observables. 
It is the goal of the present section to derive Condition V and other properties of vacuum 
states from physically motivated phase space conditions. 

Physical properties of vacuum states were a subject of study since the early days of 
algebraic quantum field theory jBHS631 IBor65j . In particular, the problem of convergence 
of physical states to the vacuum state under large translations attracted much attention. 
It was considered under the assumptions of complete particle interpretation in the sense 
of Wigner [AH67j . isolated mass hyperboloid [BF82j and asymptotic abelianess in time 
|BWa92| . As none of these assumptions is expected to hold in all physically relevant 
models, further investigation of the vacuum structure is warranted. 

This subject is revisited here from the point of view of phase space analysis: We show 
in Section 13.11 that the well-known compactness condition Cjj implies that any physical 
state which is invariant under translations in some spacelike ray is a vacuum state. This 
applies, in particular, to the state uq which appears as a limit point of space averages in 
Proposition 12.2.11 In order to prove the uniqueness of the energetically accessible vacuum 
states, which entails convergence of the space averages, we first reformulate Condition Cfj in 
Section [32] so that it describes the behavior of coincidence arrangements of local operators. 
Next, in Section [3.31 we accompany it with a quantitative refinement, motivated by the 
fact that physical states are localized in space. We show that the resulting Condition C|, 
entails purity and uniqueness of vacuum states which can be prepared with a finite amount 
of energy. There follows Condition V and, as a consequence, the ergodic theorem I2.2.2[ 
In addition, we demonstrate that in Lorentz covariant theories there holds convergence of 
physical states to the vacuum state under large timelike translations i.e. relaxation to the 
vacuum given by formula (ll.3.ip . 

Since Condition C|, has clear physical interpretation and holds in massive scalar free 
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field theory, as shown in Appendix |Fl we expect that it is a generic feature of massive 
theories. However, its status in the realm of massless theories is not clear. Therefore, in 
Section [3.41 we formulate an alternative phase-space condition C\^, inspired by the physical 
principle of additivity of energy over isolated subregions, and show that it has all the 
physical consequences mentioned above (apart from purity of the vacuum). It is verified 
in Appendix|E]that this criterion holds both in massive and massless theory of scalar non- 
interacting particles. In order to facilitate this argument, we introduce in Section [3.51 an 
auxiliary nuclearity condition A'^j^, interesting in its own right, which entails Condition Cfj. 
Some results from Sections 13.11 and 13.51 have been published by the author in |Dy08.1| . 



3.1 Condition Cjj and Existence of Vacuum States 

It is well known from quantum mechanics that a system of bounded energy, restricted to 
a finite volume, should have a finite number of degrees of freedom. Following the seminal 
work of Haag and Swieca |HS65| . this fact has been formulated in quantum field theory 
as compactness and nuclearity requirements on certain linear maps [BWi86[ IBP90j . 

For any E > 0, (3 > and double cone O we consider the maps He '■ Te 21(0)*, 
Qe ■■ 21(0) ^ B{n) and 3p : 2l(0) ^ B{n), given by 

Ue{(p) = v'la(o), 9? e Te, (3.1.1) 

eE{A) = PeAPe, ^G2t(0), (3.1.2) 

Ei3{A) = e-^^Ae-^^, ^ G 2l(0). (3.1.3) 

It is convenient to adapt here the restrictive definition of compactness from |BP90j : Let 
V and W be Banach spaces and let C{V,W) denote the space of linear maps from V 
to W equipped with the standard norm. Let J^iV, W) be the subspace of finite rank 
mappings. More precisely, any F E TiV^ W) is of the form F = Yl'i=i '^i 'S'li where Ti G W 
and Si £ V* . We say that a map 11 € C{V, W) is compact if it belongs to the closure of 
J^{V, W) in the norm topology of C{V, W). 

It was argued by Fredenhagen and Hertel in some unpublished work, quoted in [BP90] . 
that in physically meaningful theories there should hold the following condition: 

Condition Cjj: The maps 11^; are compact for any E > and any double cone O. 

We readily obtain equivalent formulations of this criterion which are also useful. (Similar 
argument appears in [BP90| ). 

Lemma 3.1.1. We fix a double cone O. Then the following conditions are equivalent: 

(a) The maps He ctfc compact for any E >0. 

(h) The maps @e compact for any E >0. 

(c) The maps are compact for any /3 > 0. 

Proof. The implication (a) (6) can be shown as follows: Let e > and F S 
jr(T£;, 2l(0)*) be a finite rank map s.t. ||n^ — F\\ < e. It has the form 

n 

F = Y,nSi (3.1.4) 
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for some Tj € 21(0)* and Si £ T^. Every element Si can be extended, by the Hahn-Banach 
theorem, to an element Si G B{7i). Then the formula F = Y17=i('^ESiPE) Ti defines a 
map in J^{^{0), B(TC)) which satisfies \\Qe — F\\ < e. This is easily verified making use 
of the fact that for any ip G Te and A £ 21(0) there holds UEi^p){A) = ifiQEiA)). The 
implication (6) =^ (a) can be shown by an analogous reasoning. 
To verify (b) =^ (c), we note that the spectral theorem gives 

\\Ef^{A) - e-'^^eE{A)e-^^\\ < 2\\A\\e-'^^. (3.1.5) 

Thus, choosing sufficiently large E, we can approximate the map by finite rank 
mappings up to arbitrary accuracy. The opposite implication follows from the identity 
GEiA) = PEeP"^p{A)eP"PE. □ 

Turning to the vacuum structure, we note the following elementary lemma which ensures 
local normality of energetically accessible states in theories complying with Condition Cfj. 
(Similar argument appears in |GJ70j p. 49). 

Lemma 3.1.2. Suppose that Condition Cjj holds. Let w G 2t* he an element of the weak* 
closure of Te^i for some E > 0. Then uj is locally normal and can be approximated by a 
sequence of elements from Te^i in the weak* topology. 

Proof. First, we show that uj is locally normal. Let {'^p^p^i be a net of elements of Te^i 
approximating uj in the weak* topology of 2t*. By Condition Cfj, for any open bounded 
region O the set {^i3\%{p) | /3 G 1} is compact in the norm topology of 2l(0)*. We can 
therefore choose a subsequence {'■PG{n)}nef>h where G : N — > I, approximating oj in this 
topology. Since a norm limit of a sequence of normal functionals is normal, we conclude 
that a; is a normal state upon restriction to any local algebra. Let 0(m) denote the double 
cone of radius m. We note that by choosing subsequences {</'Gm{n)}neN; converging in norm 
to UJ on 2t(0(m)), for any m G N, in such a way that {^Gm+i{n)}n&i is a subsequence 
of {v?Gm(n)}neN, we obtain a diagonal sequence tpn = ^Gn(n) which converges to uj in the 
weak* topology of 21*, replacing the original net. □ 

We recall from Section 11.61 that a vacuum state is a state on 2t which is translationally 
invariant, locally normal and s.t. the spectrum condition holds in its GNS-representation. 
In a theory satisfying Condition Cfj there holds the following simple characterization of 
energetically accessible vacuum states. 

Theorem 3.1.3. Suppose that Condition holds. Let a state a; G 21* he an element of 
the weak* closure ofTE^i for some E > which is invariant under translations along some 
spacelike ray. Then uj is a vacuum state. 

Proof. We pick any A G 2t(0), a test function / G S'(M^+i) s.t. supp/nF+ = and 
define the energy-decreasing operator A{f) = J A(x)f{x)d'^^^x. Next, we parametrize the 
ray from the statement of the theorem as { Ae | A G M }, where e G M*^^ is some spacelike 
unit vector, choose a compact subset C M and estimate 

u;{Aif)*A{f))\K\ = [ dXuj{{A{f)*AimXe)) 

Jk 

= hm [ dX iA{f)*Aif))iXe) 

< \\Pe [ dX (A(/)*^(/))(Ae) Pe\\. (3.1.6) 
Jk 
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In the first step we exploited invariance of the state lu under translations along the spacelike 
ray. In the second step we made use of local normality of this state, (or of the dominated 
convergence theorem), in order to exchange its action with integration. Approximating tu 
by a sequence of functionals <pn G '^e,i, we arrived at the last expression. (Local normality 
of Lo and the existence of an approximating sequence follow from Lemma I3.1.'2|) . Now we 
can apply Theorem 11.6.11 to conclude that the last expression on the r.h.s. of (|3.1.6p is 
bounded uniformly in K. As \K\ can be made arbitrarily large, it follows that 

^(^(/)M(/)) = (3.1.7) 

for any A S 2t(C) and / as defined above. Since equality (|3.1.7p extends to any ^ G 21, we 
can proceed with the proof that a; is a vacuum state similarly as in the proof of Theorem 4.5 
of |Arj : First, one has to show that the functions 

3 X ^uj{A*B{x)) (3.1.8) 

are continuous for any A,B £ For local operators A, B this follows from local normality 
of the state w, ensured by Lemma 13.1.21 and the fact that the functions M*+^ 3 x ^ B{x) 
are continuous in the strong operator topology of B{TC). Since local operators are norm 
dense in 21, we obtain continuity for all A, i? G 21. In particular, h{x) = uj{B(x)), G 21, 
is continuous and bounded. Let us now choose any function / G S'(M*^^) such that / is 
compactly supported and ^ supp/. Then it can be decomposed into a sum / = /i + /2 
s.t. supp/i n V+ = and supp/2 n V+ = 0. Consequently, by the Cauchy-Schwarz 
inequality and relation (|3.1.7p 

j h{x)f{x)d'+^x = u{Bih)) + u;{B*{f2)) = 0, (3.1.9) 

showing that supp/i C {0}. This implies that h{x) = const, what entails translational 
invariance of the state co. It follows that translations are unitarily implemented in the GNS- 
representation {7{c^,iTuj,^ui) induced by lo. The resulting unitary representation R*+^ B 
X — > Uuj{x), acting on TC^j, is strongly continuous by continuity of the functions ()3.1.8p . 
To verify the spectral condition, we choose / G 5'(M*"'"^), s.t. supp/ n = 0, A, G 21 
and calculate 

I j {7rUA)njUUx)7TUB)n)f{x)d'+'x\^ = \uj{AB{f))\^ 

<uo{A*A)uj{B{frB{f)) = Q, (3.1.10) 
where we made use again of identity (|3.1.7p . □ 

Making use of the above theorem, we can construct vacuum states with the help of the 
method of 'large translations' envisaged first in [BHS63j . The case of spacelike translations 
is well known [BP90j , although our proof, based on Theorem 13.1.31 appears to be new. 

Proposition 3.1.4. Suppose that Condition Cjj holds and let e G M''^"-'^ be a spacelike unit 
vector. Then there exists a net { A/3 G M | /3 G I } s.t. A/3 ^ 00 and a vacuum state ujq G 21* 
s.t. for any A G 2t there holds 

w* -lim A{Xf3e) =uJo{A) I, (3.1.11) 



where the limit is taken in the weak* topology of B{7i). 
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Proof. Noting that {^(A^e)}/3g]i is a central net in 21, and proceeding identically as in the 
proof of Proposition 12.2.11 one obtains that relation (j3.1.1ip holds for some translationally 
invariant state ujq which belongs to the closure of Te, for any S > 0, in the weak* topology 
of 21*. Now making use of Theorem 13.1.31 we conclude that is a vacuum state. □ 

Now we turn to the more interesting problem of convergence of physical states to the vac- 
uum state under large timelike translations. Here we cannot exploit locality directly, but 
instead we rely on Lorentz transformations. We need the following regularity assumption 
on their action 9 A — > qa on the global algebra 21. 

Condition R: Let uj £ T. Then, for any open bounded region O and any timelike 
unit vector e there holds 

sup sup \aluj{A) - uj{A)\ — > 0. (3.1.12) 



This condition is satisfied, in particular, if the Lorentz transformations are unitarily im- 
plemented. The following result is based on the observation due to Buchholz that the 
timelike limit points of physical states are invariant under translations in some spacelike 
hyperplane. 

Proposition 3.1.5. Suppose that Conditions and R hold. Let ojq he a weak* limit 
point as X ^ oo of the net {a*^gUi}x^K^ of states on 21, where e £ M*+^ is a timelike unit 
vector and oj is a state from Te for some E >0. Then is a vacuum state. 

Proof. In view of Theorem l3.1.3l it suffices to show that is invariant under translations 
in the spacelike hyperplane {e"*"} = {x G R'^^^ | e-x = 0}, where dot denotes the Minkowski 
scalar product. 

Choose X G {c"*"}, x 0. Then there exists a Lorentz transformation A and 
y^,y^ G I^\{0} s.t. Ae = y^io, Ax = y^ei, where e^, /i G {0,1,..., s} form the canon- 
ical basis in We set f = ^ and introduce the family of Lorentz transformations 

At = A~"'^A(A, where A^ denotes the boost in the direction of ei with rapidity arsinh(|). 
By the composition law of the Poincare group the above transformations composed with 
translations in timelike direction give also rise to spacelike translations 



(0,AA)(Ae,7)(0,A-i) = (AAAe,I), AA^e = A^l + (^;/A)'e + x. (3.1.13) 
We make use of this fact in the following estimate: 

\a*xgUj{A) - algUj{A{x))\ < \uj{axeA) - uj{aA^axea^-iA)\ 

+ lal^^MA) - alMM^))\, (3.1.14) 
where A G 21(0). The first term on the r.h.s. of (|3.1.14p satisfies the bound 

\uj{axeA) - u;{aA^axeaj^-iA) \ 

< \a*xi,uj{A - a^-iA)\ + |(u; - a\^uj){axea^-iA)\ 

< WPsiA - a^-i^)PE;|| + sup sup \ujiB) - al^uj{B)\ \\A\\, (3.1.15) 
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where O is a sHghtly larger region than O. Making use of Condition R and of the fact that 
Aa — > / for A — > oo, we obtain that the last term above tends to zero in this limit. In view 
of our general continuity assumption on the group of automorphisms a from Section 
the expression (A — aj^-iA) tends to zero with A — > co in the strong operator topology. 
By compactness of the maps 0^;, the first term on the r.h.s. of (j3.1.15p tends to zero as 
well. The second term on the r.h.s. of (|3.1.14p converges to zero by compactness of the 
maps @E and the following bound: 

\(^Ia,M^) - ^lMMx))\ = \uJ{A{X^Jl+{v/X)h + x)- A{Xe + x)) \ 

< \\Pe{A{{^Ji + {v/X)^ + iy\vyX)e) - A)Pe\\. (3.1.16) 

Thus we have demonstrated that ujq{A) = loq{A{x)) for any local operator A. This result 
extends by continuity to any A G 21. □ 

Summing up, we have shown that there exist vacuum states in any theory satisfying 
Condition Cjj. These vacuum states can be constructed by means of large spacelike or 
timelike translations of physical states. (It is an interesting open question if this result 
holds also for lightlike directions). However, the uniqueness of the energetically accessible 
vacuum state does not seem to follow from this criterion, since the concept of compactness 
is compatible with many limit points. Our next task is to find a quantitative variant of 
Condition C[j which entails also this property. To this end, in the next section we cast this 
criterion in a form appropriate for a description of coincidence measurements. Then, in 
Section [331 we propose a strengthened, quantitative form of Condition Cjj. It accounts for 
the fact that if the number of separated observables, with vanishing vacuum observables, 
is larger than the number of localization centers forming the state under study, then the 
result of the coincidence measurement should be zero. 

3.2 Condition Cf. Coincidence Measurement Formulation 

To formulate a notion of compactness which is adequate for a description of coincidence 
arrangements of detectors, we need to extend our framework: Let F be a set and let 
C{V X r, W) be the space of maps 11 from V xT to W, linear in the first argument, which 
are bounded in the norm 

||n|| = sup ||n(v,x)||. (3.2.1) 

v€Vi 

The subspace of finite rank maps J^{V x F, W) contains all the maps of the form F = 
Yll=inSi, where n G VF, 5j G C{V x r,C). We say that a map H G C{V x V,W) is 
compact, if it belongs to the closure of !F{y x F, W) in the norm topology of C(V x F, W). 

As we are going to consider coincidence measurements, we choose as the target space 
W the Banach space (21(0)^^)* of A^-linear forms on 21(0) equipped with the norm 

11^11= sup |^(^i X ••• X A^)|. (3.2.2) 

A,e2i(0)i 
ie{i,...,N} 

In order to control the minimal distance between the regions in which the measurements 
are performed, we define the set of admissible translates of the region O 

T N,5 = {x = {xi, . . . ,xn) \ '^t(,]-SA,^^j O + Xi^O + Xj+te^}, (3.2.3) 



3.2. Condition Cjj: Coincidence Measurement Formulation 



39 



where the symbol ~ indicates spacelike separation and cq is the unit vector in the time 
direction. For any x G T]\[^s and (p Te we introduce the following elements of (21(0)^^)* 

ip^{Ai X---X An) = v{Ai{xi) . . . An{xn)), (3.2.4) 

and consider the maps IIe,n,5 G ^C^e x ^n,5, (21(0)^^)*) given by 

'nE,N,5{^,x) = ip^. (3.2.5) 

The following theorem provides a reformulation of Condition Cjj in terms of these maps. 

Theorem 3.2.1. A theory satisfies Condition Cfj if and only if the maps IIe,n,s ore 
compact for any E>0, N£N,6>0 and double cone O . 

The 'if part of the statement holds due to the identity n^;^!^^ = He- The opposite 
implication is more interesting. It says that the restriction imposed by Condition on 
the number of states which can be distinguished by measurements with singly-localized 
detectors limits also the number of states which can be discriminated by coincidence 
arrangements of such detectors. We start our analysis from the observation that the 
spatial distance between the detectors suppresses the energy transfer between them. The 
proof of the following lemma relies on methods from |BY87j . 

Lemma 3.2.2. Let 5 > 0, /? > 0. Define the function g( : ] — vr, vr] ^ C as follows 

5(0) = -In I cot cot I, (3.2.6) 

TT 2 2 

where 7 = 2arctane ^/s . Then, for any pair of hounded operators A, B, satisfying 
[A{t), B] = for \t\ < 6, and any functional if G e~^^Te~^^ there holds the identity 

p{AB) = ^{[A, Bp]+) + ^[Ae~P^Bpe^^) + ^{e^^ B^e'^^ A), (3.2.7) 

where [■ , •]+ denotes the anti- commutator and we made use of the fact that ip{e^^ ■ ), 
ip{ ■ e^^) are elements ofT. Here Bfj and Bp are elements of B{Tl) given by the (weak) 
integrals 

Bp = ^ B{g{e)) + ^ £^ de B{g{e)), (3.2.8) 



1 



TT — 7 



Bp = de B{g{e)), (3.2.9) 

where B{g{e)) = e^^W^ Be'^^W^ . 

Proof. It suffices to prove the statement for functionals of the form cp(-) = ■ ^2), 
where ^1 and ^'2 are vectors from the domain of e^^ . For 6 > and P > we define the 
set 

Gf3^s = {zeC \ \lmz\ < P}\{z\ Imz = 0, |Rez| >6} (3.2.10) 
and introduce the following function, analytic on and continuous at its boundary 

(^'i|Ae^^^5e"*^-f^^2) forO<Imz</3 
h{z) = { (^'i|e^^^5e-*^^^^2) for - /3 < Imz < (3.2.11) 

(^'i|A5(z)^'2) = (^'i|-B(z)^^'2) for Imz = and |Rez| < 6. 
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We make use of the following conformal mapping from the unit disc {li; | < 1 } to Gf^^s 
[BY87] 

z(w) = -{\n ^-In (3.2.12) 

Setting w = re*^, < r < 1, we obtain from the Cauchy formula 



1 



27r 



h{0) = — d9 h{z{re''^)) . (3.2.13) 

Since h{z) satisfies the following bound on the closure of 

\h{z)\ < \\A\\ \\B\\ lle^-^^'ill ||e^^^2||, (3.2.14) 

we can, by the dominated convergence theorem, extend the path of integration in (|3.2.13|) 
to the circle r = 1. In this limit we have |BY87j 

Rez(e'^) = g{e), (3.2.15) 

{0 if |6'| < 7 or vr - 6* < 7 or vr + 6* < 7 
P ii-f<6<TT-j (3.2.16) 
-P if 7 < -6* < vr - 7. 

Consequently, we obtain from (j3.2.13p 

= ^ de {^,\[A,B{g{9))]+^2) + ^ £^ de{^i\[A,B{g{e))]+^2) 

+ ^j^^d9 (^{^i\Ae-^^B{g{9))e^"^2) + {e'^^^i\B{g{e))e-'^" A^2)^ ,(3.2.17) 
what concludes the proof. □ 

From compactness of the maps H^, given by ()3.1.3p . there also follows that the mappings 
: 21(0) ^ B{n), defined as 

%,^,(^) = e-'3i^^^,e-^^^, (3.2.18) 

are compact for any /3i,/32 > and any double cone O. Here A/^^ is defined as in (j3.2.9p . 
After this preparation we are ready to complete the proof of Theorem 13.2.11 
Proof of Theorem 13.2. It 

For any /3 > we introduce the auxiliary maps ^/3,n,s £ >C(T x F^v.^, (21(0)^^)*) given by 

fif3,NA^,x){M x---xAn) = (^(e-(^+5)/3^^^,(f,) . . . A^(x^)e-(^+^)/3^^). (3.2.I9) 

They are related to the maps IIe,n,s S C{'Te X Fjv,5, (2l(0)^^)*) by the following identity, 
valid for any ip G Te 

nE,NA^,x) = n^,^,5(e(^+i)/^^(^e(^+^)'3^,x). (3.2.20) 

In order to prove compactness of the maps I\.e,n,s, it suffices to verify that the family 
of mappings {II^,7v,(5}/3>o is asymptotically compact in the following sense: There exists a 
family of finite rank maps Fp^N,5 G ^{T x Fat^^, (21(0)''^)*) s.t. 

lim \\Up^N,5-Ff3^N,s\\=0- (3-2.21) 
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If this property holds, then, by identity (|3.2.20p . the maps IiE,N,s can be approximated in 
norm as /9 ^ by the finite rank maps Fb^n^s £ ^C^e x ^n,5, (21(0)^^)*) defined as 

Fp,nA^,x) = Fft^,,(e(^+i)^^v^e(^+l)^^,f). (3.2.22) 

We establish property ()3.2.2ip by induction in N: For = 1 the statement follows 
from compactness of the map Hs^ given by (j3.1.2p . Next, we assume that the fam- 
ily {Ilj3^N-i,s}i3>o is asymptotically compact and prove that {n^i3,N,5}f3>o also has this 
property. For this purpose we pick ip £ Ti, Ai, . . . , A^^ £ and x S Fat 5. Then 

Ai{xi) . . . A]\f-i{x]y^i) and Ajsi^x^) satisfy the assumptions of Lemma 13.2.21 and we ob- 
tain 

n/3,Ar,5(¥?,f)(^l X • • • X An) 

+Ul3^N-l,s{{'^ip^Npi'^N)ixN)fe~2l^^},Xi, . . . ,XN-l){Ai X ••• X ^jv_i) 

+n/3,iV~i,5({e"5^^99Hi^jv^(A7v)(x7v)},xi,...,fiv-i)(A x ••• x ^jv-i)(3.2.23) 
where [•,•]+ denotes the anti-commutator. The first term on the r.h.s. of (j3.2.23|) satisfies 

|^(e-(^+|)/3^^[^i(fi)...^^-i(x^-i),i;v,ivM^^)]+e-(^+^)'^^)| < (3.2.24) 

vr 

where we made use of definition (j3.2.8p . We recall from the statement of Lemma 13.2.21 
that 7(/3) — > with /? ^ 0. To treat the remaining terms we make use of the induc- 
tion hypothesis: It assures that there exist finite rank mappings jv_i s S J-'{T x 
F;v-M,(2t(0)^^-'r)s.t. 

lim ||n/3,7V-i,5 - F^,N-i,5\\ = 0- (3.2.25) 

Next, making use of compactness of the maps Si^ E J0{^{0) , B (Ti.)) , given by ()3.2.18p . 
we can find a family of finite rank mappings Fjs £ .7^(21(0), B{TC)) s.t. 

\\^^p,Np - F^W < -—I -, (3.2.26) 

^ + \\i'P,N-lM\ 

for any /? > 0. Now the second term on the r.h.s. of ()3.2.23p can be rewritten as follows 

n/3,Ar-i,5({Hi^^^^(^Ar)(fAr) y?e"^^-^}, fi, . . .,Xn-i) 

= (n^,Ar_i,5 - F/3,Ar_i,5)({Hi^_jy^(^Ar)(xAr) (/3e"2/^^},Xi, . . . ,Xn-i) 
+ F/3,Ar_i,5({(Hi^^^^(^Ar) - Fp{An)){xn) ^ e~^^^},Xi, XN-i) 

+ Ff^,N-i,s{{Fp{AN){xN) f e-^^^}, f 1, . . . , XN-i) ■ (3.2.27) 

We obtain from relations (j3.2.25p and (j3.2.26p that the first two terms on the r.h.s. of 
(|3.2.27p tend to zero with /? ^ in the norm topology of (2l(0)^^~^)*, uniformly in 
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€ 71, € 21(0)1 and x € T^^^. The last term on the r.h.s. of (j3.2.27p coincides with 
the finite rank map fJ^I^^ G T(T x Ttv^^, (21(0)^^)*), given by 

= F/3,7V--i,5({F/3(A^)(xiv)(^e-5/^^},fi,...,f7V~i)(Ai X ••• X A^_i).(3.2.28) 

The last term on the r.h.s. of (j3.2.23p can be analogously approximated by the maps 
^fti.^ e T(T X r^,5, {%{PY^Y) defined as 

= i?3,7V-i,5({e-5/3^^^F/3(^iv)(x7v)},xi,...,fiv-i)(^i X ••• X ^iv-i).(3.2.29) 
Summing up, we obtain from p.2.23p and p. 2. 241) that 

hm ||n^,^,5 - F^l^, - Ff^^^,\\ = 0, (3.2.30) 



what concludes the inductive argument and the proof of Theorem 13.2.11 □ 

3.3 Condition C\, and Uniqueness of Vacuum 

Theorem 13.2. 11 opens the possibility to encode the physically expected behavior of coinci- 
dence arrangement of detectors into the phase space structure of a theory. For this purpose 
we first calibrate the observables appropriately: Adopting Condition Cfj, from Proposi- 
tion [2211] and Theorem l3.1.3l we obtain a projection -P[o}( " ) = '^o( " )I on the pure-point 
subspace 2tpp, where is some energetically accessible vacuum state. As in Section [2T2l 
we define the continuous subspace 21c as the kernel of Pjo} and introduce, for any open, 
bounded region O, the local continuous subspace 

210(0) = {AG 2l(C')|wo(^) = 0}, (3.3.1) 

whose elements will be called the local detectors. We introduce the Banach space 
(2lc(0)^^)* of A^-linear forms on 2tc(0) equipped with the norm 

||V||= sup \i^{Aix ■■■ X An)\. (3.3.2) 

A,e2lc(0)i 
i&{l,...,N} 

We also define the maps n^^;v,5 ^ ^C^E x rN,5, {^ciO)""^)*) given by 

ns,Af,5(V2,^) = ^E,N,5{^^^)\%:(Oy'^- (3.3.3) 

With the help of Theorem 13 . 2 . 1 1 we can reformulate Condition Cfj in terms of these maps. 

Theorem 3.3.1. A theory satisfies Condition Cjj if and only if there exists an energetically 
accessible vacuum state ujq and the corresponding maps ^ g are compact for any E > 0, 
N £ 6 > and any double cone O. 
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Proof. The 'only if part follows immediately from Theorem 13.2.11 The opposite impli- 
cation can be shown as follows: Prom compactness of the map U'^ is obtain, for any 
e > 0, a finite rank map F G J^(Tb x W,^c{0)*) s.t. 

sup lU'E.i^ip, x){A) - F{ip, x){A)\ < e. (3.3.4) 
(</3,x)erB,ixM'' 
Ae2ic(ci)i 

Noting that 11^ 5(^1^) = '^E{'fx)\%,{o) ^"^^ making use of the fact that }^{A — u)q{A)I) G 
210(0)1 for any'i G 21(0), we obtain 

sup \nE{ip){A) - ^{I)uJo{A) - F{ip, 0)(yl - a;o(^)/)| < 2^. (3.3.5) 

^£21(0)1 

Thus we can approximate the maps II^; in norm with finite rank mappings i.e. these maps 
are compact. □ 

In order to strengthen Condition Cfj, we note that any functional from Te should consist 
of a finite number of distinct localization centers. Indeed, in a theory describing particles 
of mass m > the maximal number of such centers Nq{E) is given, essentially, by ^. If 
the number of detectors is larger than Nq{E), then at least one of them should give 
no response (since its vacuum expectation value vanishes) and the result of the entire 
coincidence measurement should be zero. 

In order to formulate this observation mathematically, we adapt the concept of the e- 
content to the present framework: Let V, W be Banach spaces and let F be some set. Then 
the e-content of a map 11 G C{V x F, W) is the maximal natural number M{e) for which 
there exist elements {vi,xi), . . . , (W{e)' ^A^{e)) G x F s.t. ||n(fj, Xj) — 11(1;^, Xj)|| > e for 
i ^ j. Clearly, this quantity is finite if the map 11 is compact. 

The e-content AA(e)^ n 5 map 11^ ^ g gives the number of distinct measurement 

results, up to experimental accuracy e, which can be obtained in the coincidence measure- 
ment described above. Therefore we expect that AA(e)^ ^ ^ = 1 if iV is sufficiently large 
and the local detectors are far apart, arriving at the following strengthened, quantitative 
variant of Condition C^: 

Condition C[, 

(a) There exists an energetically accessible vacuum state ujq and the corresponding maps 
Ilg g are compact for any ii^>0, A^gN, (5>0 and double cone O. 

(b) For any > there exists Nq{E) G N s.t. for any N > No{E) the e-contents 
AA(e)^ ^ ^ of the maps 11^ ^ g satisfy 

lim Af{e)%Ns = 1 for any e > 0. (3.3.6) 

We verify in Appendix |F] that this condition holds in massive scalar free field theory and 
its even part. 

In the remaining part of this section we show that the vacuum state ojq, which entered 
into the formulation of Condition C\,, is pure and that it is the only energetically accessible 
vacuum state. Then, from Propositions 13. l^i] and [3.1.51 there follows convergence of physi- 
cal states to ujQ under large spacelike and timelike translations. Moreover, we demonstrate 
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that this vacuum state appears as a hmit of states of increasingly sharp energy-momentum 
values. To achieve these goals it is convenient to reformulate Condition C\, (b) in terms of 
norms of the maps IIe,n,5- This is accomplished in the following lemma. 

Lemma 3.3.2. Let W be a Banach space. Let {Vs}s>q o-i^d {F^j^^o a family of Banach 
spaces and sets, respectively, ordered by inclusion i. e. V^^ C V^^ and F^^ C T^^ for di > 62- 
We consider a family {n.s}s>o of compact maps in C{Vs x F^,!^) and their respective 
e-contents J\f{e)s- Then there holds hmg^^M{e)s = 1 for any e > if and only if 
lim5_^oo lln^ll = 0. 

Proof. First, suppose that lims_,^M{£)s = 1 for any e > 0. Since the e-content takes 
only integer values, for any e > we can choose 6s s.t. Af{e)s = 1 for 6 > 5^. Then, by 
definition of the e-content, there holds for any 6 > 6^ 

\\m < ^, (3-3.7) 

what entails lim^^oo Hn^H =0. 

To prove the opposite implication we proceed by contradiction: We recall that the 
e-content of a compact map is finite for any e > 0. Next, we note that for any fixed e > 
the function S J^{£)s is decreasing and bounded from below by one, so there exists 
lim^^oo AA(e)5. Suppose that this limit is strictly larger than one. Then, by definition of 
the £-content, there exist nets {(ff\xf^) and {ip^\3^^) in Vs^i x Tg s.t. 

\\Us{^['\xf^) - Usi^^^\4^)\\ > e (3-3.8) 

for any 5 > 0. This inequality, however, contradicts the assumption that the norms of the 
maps tend to zero with 5 — 00. □ 

With the help of the above fact we restate Condition C\, (b) as follows: For any E > 
there exists such natural number Nq{E) that for any A'" > No{E) there holds 

hm \\U%^^4 = 0. (3.3.9) 

0— >oo 

We rewrite the above relation more explicitly 

lim sup \\PeAi{xi) . . . ^Ar(^"jv)-PB|| = (3.3.10) 
ie{i,...,N} 

and use it to prove the following lemma which is the main technical result of this section. 

Lemma 3.3.3. Suppose that Condition C\, holds. Then, for any E > 0, double cone O, 
and a sequence {(5(n)}f° s.t. (5(n),^:i^ 00, the following assertions hold true: 

(a) For any family of points {x'f'^}i G F„,5(„) there holds 



lim sup 
^e2ic(o)i 



1 " 

^E^(^(-t^)) 



0. (3.3.11) 
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(b) For any unit vector e G M*, sequence 

|;y(n)|oo (z]^ and a family of points {x\"'^}i., 
s.t. {xS"^}^ U {ff^ + A(")e}^ G ^2n,5{n), there holds 



lim 



sup 
A,se2ic(ci)i 



1 " 



i=l 



(3.3.12) 



Proof. In view of decomposition (jl.6.2p we can, without loss of generahty, substitute 
Tg'j^ for Te,i in relations (13.3. lip and (I3.3.12|) . Similarly, we can replace 210(0)1 with the 
subset of its self-adjoint elements. 

We choose some positive functional ip G Tj^^, pick m G N s.t. = 2™ is suf- 
ficiently large to ensure that (j3.3.10p holds. To prove (a) we define the operators 

Qn = ^Er=i^(^!"^). n £ N, where A G ^dO) is self-adjoint, assume that n > N 
and compute 



i^(Qn)r < ^(Q;r) = ;^ E ^(^(^t^)---^(^t^)) 

ii...jjv 

' ^ ^{Ai4:^)...Aixt')) 



n 

11. ..In 

^k^is.t.ik=ii 

< ^P^^(^)---A(-S)Pe^ + ^ E Pir- (3.3.13) 

il...i]V il...ijv 

In the first step above we applied the Cauchy-Schwarz inequality and in the third step 
we extracted from the resulting sum the terms in which all the operators are mutually 
spacelike separated. Clearly, there are (^^^N\ < such terms. Therefore, the remainder 
(the last sum above) consists of 



terms, where cat is some constant independent of n. There follows the estimate 

|<^(Qn)r < sup \\PeA{x^) . . . AixN)PE\\ + —\\A\f, (3.3.15) 

Ae2lc(0)i 

(xi,...,Xjv)erjv,5(n) 

whose r.h.s. tends to zero with n — > oo by (|3.3.10p . uniformly in G T^^i' "^^at concludes 
the proof of dMJJJ). 

In order to prove (b) we proceed similarly: Let Qn = ^ ^27=1 ^(Xj-"^)i?(X'"^ + A^^^e), where 
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A,B£ 210(0) are self-adjoint. Then, for n> N, we obtain 



11. ..IM 



= ^ ^(A(xi:^)i?(4:^+A(")e)...A(xt))5(f£)+AWe)) 

il...ijv 

+ ^ H ^(^(-t^)i?(4r^+A(")e)...A(xt))S(xt) + A(")e)) 

ii...j]V 

^ ^ H ||P^yl(f!:))S(xt) + AWe)...yl(xt))5(4;)+AWe)P^^ 

■ti...ijv 

+ ;^ E (Pllll^ll)'^- (3-3.16) 

n...j]v 

By the same reasoning as in case (a) we obtain the estimate 

\^{Qn)f < sup \\PEA{xi)B{x2)...A{x2N-l)Bix2N)PE\\ 

Ae2lc(0)i 

(s'i,...,x2jv)er2jv,5(„) 

+ ^(pllll^ll)^. (3.3.17) 
By taking the limit n — > cx) we conclude the proof of (|3.3.12p . □ 

Now we are ready to prove that the vacuum state loq is pure and unique in the energetically 
connected component of the state space. 

Theorem 3.3.4. Suppose that Condition C\, is satisfied. Then there hold the following 
assertions: 

(a) Let w G 2t* be a state in the weak* -closure oJTe^i for some E > which is invariant 
under translations in some spacelike ray. Then uj = uq. In particular, there holds 
Condition V stated in Section [2^ 

(b) ujQ is a pure state. 

Proof, (a) By Theorem 13.1.31 u; is a vacuum state, in particular it is translationally 
invariant. Let be a net of functionals from Te,i approximating uj in the weak* 

topology and let A G 2tc(0) i.e. iOQ{A) = 0. We choose families of points {xj}" in W s.t. 
{xi}i G ^K,5{n) foi' some sequence {S{n)}^ which diverges to infinity with n — > 00. We 
note the following relation 



iA)\ = \^Y.^{Ai4-^))\=lm,\^Y.MM4''^))\ 

i=l i=l 
1 " 

< sup |-^(/.(^(x;")))| ^0, (3.3.18) 
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where in the first step we made use of the fact that the state oj is invariant under transla- 
tions in space and in the last step we made use of Lemma 13.3.31 (a). Since local algebras 
are norm dense in the global algebra 21, we conclude that \^eiuiQ C kero; and therefore the 
two states are equal. 

(b) In order to show purity of wq, it suffices to verify that for any A, B £ 2tc(0), some unit 
vector e G and some sequence of real numbers {A(")}f^ s.t. A^"),^:zj^ oo there holds 

lim a;o(^B(A(")e)) = 0. (3.3.19) 

n— >oo 

To this end, we recall that the vacuum state ujq is energetically accessible i.e. we can pick 
a net {fi3}f3ei of functionals from Te,i, approximating ujq in the weak* topology. Next, 
we choose families of points {x^""^}^ as in part (b) of Lemma 13.3.31 and compute 

|^o(Ai?(A(")e))| = 



< 

what proves relation (j3.3.19p . □ 

From part (a) of the above theorem and from Pr op ositions 13 . 1 ."^ and [3l 1 . 5 1 we readily obtain 
convergence of states of bounded energy to the vacuum state ujq under large spacelike or 
timelike translations. 

Corollary 3.3.5. Let Condition C\, be satisfied. Then, for any state uj G Te, E > 0, and 

a spacelike unit vector e £ there holds 

lim LOxeiA) = uJoiA) for A G 2t. (3.3.21) 

A— >oo 

//, in addition, there holds Condition R, then the above relation is also true for any timelike 
unit vector e. 

To conclude this survey of applications of Condition C|,, let us mention another physi- 
cally meaningful procedure for preparation of vacuum states: It is to construct functionals 
with increasingly sharp values of energy and momentum and exploit the uncertainty prin- 
ciple. Let -P(p,r) be the spectral projection corresponding to the ball of radius r centered 
around some point p in the energy-momentum spectrum and '7(p,r) = P{p,r)'^P^p,r)- Then, 
in a theory satisfying Condition C\,, any sequence of states LOr G '^{p,r) converges, uniformly 
on local algebras, to the vacuum state loq as r ^ 0, since this is the only energetically 
accessible state which is completely dislocalized in spacetime. This fact is reflected in the 
following proposition: 

Proposition 3.3.6. Suppose that Condition C\, is satisfied. Then, for any p G V+ and 

double cone O, there holds 

lim sup \ip{A) - ip{I)u)Q{A)\={). (3.3.22) 
Ae2l(0)i 



i=l 

lim|lf;^^(^(ff))B(xS")+A('^)e))| 

p n , 
1=1 

n 

sup |-^(^(^(xf))5(ff) + A(")e))| ^0, (3.3.20) 



i=l 
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Proof. We pick A € B(TC), ip £ Ti^p,r), x € and estimate the deviation of this functional 
from translational invariance 

+ (/?(P(p,,)(l-e*(^-P^^)^P(p,,))| <2||(^||||yl|||x|r, (3.3.23) 

where in the last step we applied the spectral theorem. Consequently, for any xi, . . . , x„ G 
W and A £ 21(0) there holds 



l^iA) - ^iI)uJoiA)\ < 



-t n 1 " 

- Y^iviA) - ^iA{xk))] + -J2 viM^k) - Mm 



k=l 



k=l 



< \\A\\ sup \\ip — a. 

k(^{l,...,N} 



1 " 

%^^\\ +2\\A\\ sup I- ^^(i?(xfc))|. (3.3.24) 



k=l 



Applying to the first term on the r.h.s. estimate (I3.3.23P and to the second term 
Lemma 13.3.31 (a) we obtain the statement of the proposition. □ 



3.4 Condition C\^: Additivity of Energy 

In the previous section we introduced the phase space condition C\,, inspired by the phys- 
ically expected behavior of coincidence arrangements of local detectors. We showed that 
this condition implies the uniqueness and purity of the energetically accessible vacuum 
state as well as various approximation procedures for this state. However, its status in 
massless theories is not clear. Since such theories play an important role in our study of 
spectral theory of automorphism groups in Chapter [21 we think it is worthwhile to fill this 
gap. For this purpose we introduce a different phase space condition C[] stated below. We 
note that in contrast to Condition C|, the vacuum state does not enter into the formula- 
tion of the present condition. Thus Condition C^j is a property of the local net and not 
of a particular vacuum state, what is certainly an advantage. This criterion is motivated 
by a heuristic argument based on additivity of energy over isolated subregions and it is 
shown that it has all the consequences mentioned in Section 13.31 (except for purity of the 
vacuum). In Section [3.51 and Appendix [El we verify that this condition holds in massive 
and massless scalar free field theory. In Chapter [H we discuss its generalizations which 
may be useful for the problem of convergence of asymptotic functional approximants. 

The concept of additivity of energy does not have an unambiguous meaning in the gen- 
eral framework of local relativistic quantum field theory and we rely here on the following 
formulation: We introduce the family of maps Tie,n,5 £ ^C^E x ^N,5,^{0)* C^C^p), given 
by 

Si?,Ar,5(v9,x) = {UE{ip^,),...,IlE{(pSt,)), (3.4.1) 

where C^p denotes the space with the norm \\z\\ = sup^gj^ ^y} \^k\- We note that 
21(0)* (g) , equipped with the norm, 



\\{ipi,...,ipN)\\= sup \\ipk 
ke{l,...,N} 



(3.4.2) 
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is a Banach space. It is clear that the map T,e^n,s is compact in theories satisfying 
Condition Cij. We claim that a mild (polynomial) growth of the e-contents M{e)E,N,s of 
these maps with N, (when 5 tends to infinity), is a signature of additivity of energy over 
isolated subregions. In order to justify this formulation we provide a heuristic argument: 
The physical meaning of the maps T,e^n,s is most easily elucidated if we consider their 
restrictions to Se x ^n,5- Thus we are interested in the e-contents Af{£)E,N,5 of the set^ 

Se,nA(^) = { (J^e{oj^,), ^Eiu^sJ) G 2l(0)* ® I G 5^;, f e r^,^ }. (3.4.3) 

Given a state to S Se, we denote by the 'local energy content' of the restricted state 
^\i&{0+xk)- Additivity of energy should then imply that Ei + ■ ■ ■ + Ej^ < E for large 
spacelike distance 6 between the regions O+xi, . . . ,0+xn, where x G Tjy^s- This suggests 
that to calculate M{e)E,N,s one should count all the families of states (toi, . . . ,ujiy), ojk G 
Se,, , El + ■ ■ ■ + Ej\f < E, which can be distinguished, up to accuracy e, by measurements 
in O + xi, . . . ,0 + xn. Relying on this heuristic reasoning we write 

J^{e)E,N,s = #{{ni,...,nN) e | ni <Sj'{e)Ei,-- ■ ,nN <SJ'{£)en, 

for some ^i, . . . ,^iv > s.t. Ei + ■ ■ ■ + E^ < E}, (3.4.4) 

where we made use of the fact that the number of states from Se,. which can be discrim- 
inated, up to e, by observables localized in the region O + Xk is equal to the e-content 
AA(e) E^; of the set 

SEk (C + xk) = { uj\^{o+Xk) Se,, }■ (3.4.5) 
Anticipating that M{£)e^, tends to one for small Ej., we may assume that 

Kf{£)E,<l + co{e,E)Ek (3.4.6) 

for Ek < E. This bound obviously holds in theories with lower mass gap, satisfying Con- 
dition Cjj, where Se contains at most the vacuum state (r2| • fi) for sufficiently small E. (If 
the vacuum vector exists, it must be unique (up to phase) by the irreducibility assump- 
tion from Section [1.61 See e.g. Theorem 4.6 of [Ar] ) . We also expect that estimate (j3.4.6p 
holds in massless theories, where de Broglie wavelengths of states from Se,,{0 + x^) are 
much larger than the extent of the region O + x^ if Ei^ is sufhciently small. Thus the 
states should be indistinguishable by measurements in this region, up to the experimental 
accuracy e. (The existence of massless theories satisfying the bound (j3.4.6p is indicated 
in the last part of this section). From the heuristic formula (|3.4.4p and the bound ()3.4.6p 
we obtain the estimate which grows only polynomially with iV 

f^(.e)E,N,5 < #{ (ni, ...,nN)en^\ni + --- + nN<N + co{£,E)E} 

< (AT + i)co(e,E)i5^ (3_4_7) 

where the last inequality can be verified by induction in A^. Omitting the key condition 
El -|- • • • -|- E]^ < E in (j3.4.4p and setting E^ = E instead, one would arrive at an 
exponential growth of M{£)e,n,s as a function of A^. Thus the moderate (polynomial) 
increase of this quantity with regard to A^ is in fact a clear-cut signature of additivity 
of energy over isolated subsystems. We encode this fact into the following strengthened 
variant of Condition Cjj. 

^The e-content A/'(e) of some set 5 in a Banach space is the maximal number of elements uji, . . . , £ 
S s.t. \\uji — ujj II > e for i / j. 
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Condition Ctj: 

(a) The maps T,e,n,s are compact for any E>0, Ng'N, 6>0 and double cone O. 

(b) The e-contents M{e)E,N,5 of the maps ^e,n,s satisfy, for any e > 0, 

hm J^{e)E,N,s <{N + , (3.4.8) 

<5^oo 

for some constant c{E,e) independent of A^. 

The remaining part of this section is devoted to the proof that Condition Cfj has all the 
consequences, pertaining to the vacuum structure, which were discussed in Section 13.31 
(apart from purity of the vacuum). For this purpose it suffices to show that the present 
condition implies relation (|3.3.11l) for some specific sequence and some energeti- 

cally accessible vacuum state ujq. This goal will be accomplished in the two lemmas below. 
Since no distinguished vacuum state enters into Condition Ct|, we have to prepare such a 
state first: We fix a unit vector e in space direction and obtain from Proposition 13.1.41 a 
net of real numbers {A/jj/jgi s.t. A/j — > oo and a vacuum state uq s.t. for any ^ G 21 

w*-lim^(A^e) = iOo{A)I. (3.4.9) 

We will call the triple { e, {A^j^gi, uq} a spacelike asymptotic vacuum state. 

In the subsequent discussion we keep E >0 and a double cone O fixed. Moreover, for 
any u) ^ Se and x G T^v.^ we denote by uj- the element of Se.n,6{P) given by 

oj^A) = {uj{A{xi)),...,uj{A{xn))), Ag21(0). (3.4.10) 

Furthermore, Se,n,5{0) denotes the closure of Se,n,5{0) in 21(0)* C^p in the topology 
given by the norm (j3.4.2p . The following simple lemma summarizes the essential properties 
of the sets SE,N,siO). 

Lemma 3.4.1. Assume that Condition Cjj is satisfied. Let to = (a)i, . . . ,ojn) G Se,n,s{(^)) 
let { e, {A;3}/3gi, ujq} be a spacelike asymptotic vacuum state and Vn the group of permu- 
tations of an N -element set. Then: 

(a) uj^ := (a)^(i),. . ■ ,0^-n{N)) G Se,nA^), for any vr G Vn- 

(b) Lb' := (a)i, . . . ,a)Ar_i) G Se,N^1,5{0). 

(c) Lv" := (a)i, . . .,(2iN, i^o, ■ ^ ,^q _) G SE,N+L,5iO). 

L 

Proof. To prove part (a), we first define the action of the group of permutations on the 
sets Tjy^s. Given x = {xi, . . . ,xj\[) G ^N,s and vr G Vn, we set x^ = (x^(i), . . . , x^j-i^n)) which 
is again an element of Fjv.^- This induces an action of permutations on the sets Se,n,&{0) 
in the obvious manner: Given oj- G Se,n,5{0) we define (a;-)^ = w-^. Consequently, 
all the sets Se,n,s{0), 6 > are invariant under the permutations of the entries of their 
elements. This property carries over to their closures: In fact given uj G SE,N,siO), there 
exists for every e > some u- G Se,n,5{^) s.t. \\lo- — Ld\\ < e. Then \\lo--^ — u)tt\\ < 
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Part (b) of the lemma follows directly from the definition of the sets Se,n,&{0) and 
their closures. In order to prove part (c) we pick again uj- € Se,n,5{0) s.t. — cD|| < e. 
According to Lemma [3TL2] there exists a subsequence {AnjneN of s.t. 

lim oJxAA) = ^ e 21. (3.4.11) 

n— >cxD 

We choose its subsequences \n \ ■ ■ ■ , A^^^ s.t. ior k ^ I there holds \\n'^ — \^n\ oo when 
n — > oo. Consequently, 

'^n '■= {^xi,- ■ ■ ^^XN^^^^+xi^h' ■ ■ • ''^a-i+Ai^'e) ^ ^E,N+L,S (3.4.12) 

for sufficiently large n, where e is the unit vector in a space direction which entered into 
the construction of the state ujq. It follows immediately from (j3.4.1ip and Condition Cjj 
that 

lim W^^.+x'^"). - ^o\k(0) = (3.4.13) 

n— >oo xi-tA„ e \ J 

for k £ {1,. . . ,L}. Consequently, lim„_^oo 11'^" ~ '^"11 ^ what concludes the proof. □ 

The next lemma demonstrates that a state of bounded energy can deviate only locally 
from a vacuum state. 

Lemma 3.4.2. Suppose that Condition holds. Let loq he the vacuum state which 
appears in Lemma \3.4-1\ Then there exists a sequence of positive numbers {Sn}^^^ s.t. 
5n y oo and 

1 ^ 

-^^P J^'^W'^k- (^o\k(0) ^ for N ^ oo. (3.4.14) 

Proof. First, making use of Condition C[^ and the diagonal trick, we can find a sequence 
5n oo s.t. for any e > the e-contents M{e)E,N,SN of the sets Se,n,Sn{0) satisfy 

A/-(e)E,iv,5^ <2(iV + l)^(-'^), (3.4.15) 

if N is sufficiently large. Next, we fix some e>0, 0<g'<l and show that for any 
LV = (wi, . . .,iON) G 5's,Ar,5jv(0), the inequality 

11% - i^o||2t(0) > e (3.4.16) 

holds for less than [A^^] entries if A^ is sufficiently large. In fact, suppose the opposite is 
true i.e. that for any Aq € N there exists N > Nq and an element lo £ SE,N,5Ni^) ^-t. 
the bound (j3.4.16p holds for [A^'^] entries or more. Making use of Lemma 13.4.11 (a) we can 
assume that ()3.4.16p is satisfied for k £ {1, . . . , [N'']} and proceed to the element 

Lj" := (wi, . . . ,cj^jv,], u;o, . ,uJo) G 5's,iv,5^(C'). (3.4.17) 

N-[Ni] 

By permuting the entries of the above expression we obtain a family of elements uj'^ £ 

SE,N,SNi^) S-t. 

IK-<II (3.4.18) 
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at least for 7ri,7r2 € Vn '■= 'PN/i'PiNi] ^ 'Pn-[N''])i '^i 7^ '^2- The cardinality of Pat satisfies 
the bound 

*^''- m\{N-m)i-y — ^v^^ — J ' 

where the last inequality holds for N sufficiently large. It follows from formulas (j3.4.18p . 
(|3.4.19p that the e-contents of the sets S e,n,Sn^'^) gi'ow with N faster than any polynomial. 
Since the e-content of a set and its closure coincide, we arrive at a contradiction with 
relation (|3.4.15p . 

With the above information at hand it is easy to estimate the mean, appearing in the 
statement of the lemma. In fact, for sufficiently large we obtain 



1 n n m N - mi] 2 

_ sup - - (^olk(O) < 2^ + g -W~,+^- (^•^•2°) 

Since e > is arbitrary, the desired result follows. □ 

It is an immediate consequence of the above lemma and of decomposition (|1.6.2p that for 
any x*-^-* = {x"^\ . . . , x"^^) S ^n,Sm there holds 

1 ^ 

lim sup ^|^(A(xf)))-c^(/)^o(^)|=0. (3.4.21) 



This statement coincides with relation (j3.3.1ip from Lemma [3.3.3l (for the special sequence 
{(^AfjAfeN introduced in Lemma [3. 4. 2p . Since Condition C\, was used only via this relation 
in the proofs of Theorem 13.3.41 (a). Corollarv l3.3.5l and Proposition 13.3.61 these results still 
hold after replacing Condition with Condition C\j^ in their assumptions. Thus we arrive 
at the following theorem. 

Theorem 3.4.3. Suppose that Condition C[] is satisfied and let ojq he any vacuum state in 
the weak* -closure oJTe^i for some E > 0. Then, for any E > 0, there hold the following 
assertions: 

(a) Let w G 21* be a state in the weak* -closure ofTE^i which is invariant under trans- 
lations in some spacelike ray. Then = loq. In particular there holds Condition V 
stated in Section \2. SX 

(b) For any spacelike unit vector e E and uj G Se there holds 

lim toxe{A) = ujq{A) for ^ G 21. (3.4.22) 

A— >oo 

//, in addition, Condition R, stated in Section \3.1{ is satisfied, then the above relation 
is also true for any timelike unit vectors e. 

(c) For any p G y+ and double cone O, there holds 

lim sup \ip{A) - ip{I)uoQ{A)\={). (3.4.23) 
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Part (c) of this theorem ahows us to show that estimate (|3.4.6p . which we used in our 
heuristic discussion, holds in all theories complying with Condition C\;^. Since the e- 
contents M{£)e of the sets SsiO), given by (j3.4.5|) . take only integer values, it suffices to 
show that 

limSf(£)E = l (3.4.24) 
Eio 

for any e > 0. If this relation did not hold, then, by definition of the e-content, we could 
find nets {u!f}E>o, {wf'loo s.t. \\u)f — uj2\\^iO) > ^ foi^ ^''^Y E > 0. But choosing p = 
in Theorem 13.4.31 (c). we arrive at a contradiction: 

Ikf -'^f 1121(0) <2 sup ||w -a;o||2i(0) 0. (3.4.25) 

As we show in the next section and in Appendix[El the set of theories complying with Con- 
dition C[] contains also massless models, where relation p.4.24p is a non-trivial statement 
about the infrared structure. (See the discussion after formula (|3.4.6p ). 



3.5 Condition N\j^ implies Condition 

In the previous section we introduced the phase space condition Ct; and studied it physical 
consequences. Although this criterion was motivated by the firm physical principle of 
additivity of energy over isolated subregions, its consistency with the general postulates 
from Section 11.61 remains to be verified by establishing it in a model. Since the e-contents 
of the maps T,e,n,s are difficult to control directly in concrete theories, we proceed as 
follows: We introduce a nuclearity condition N\j^, stated below, which is verified by a 
relatively straightforward computation in massive and massless scalar free field theory in 
Appendix |E1 In this section we show that this new condition, which is interesting in its 
own right, implies Condition C^^. 

To begin with, let us recall the concept of nuclearity in the form which is suitable for 
our investigations: Let V, W be Banach spaces and ||| • ||| be a norm on the space C{V, W) 
of linear maps from V to W. We say that a map U : V ^ W is p-nuclear w.r.t. the norm 
III • III if there exists a decomposition Il{v) = Yln^^iiv) into rank-one maps, convergent for 

any v ^ V in the norm topology in W, s.t. u := (X]„ |||n„|||P)p < co. The p-norm |||n|||p of 
this map is the smallest such v over the set of all admissible decompositions. This concept 
was first used for the description of phase space in quantum field theory in the work of 
Buchholz and Wichmann [BWi86]. Our starting point is a stronger nuclearity condition, 
introduced by Buchholz and Porrmann in [BP90j : 

Condition Nf^: The maps II^; are p-nuclear w.r.t. the standard norm on 
C{Te,^{0)*) for any < p < 1, > and double cone O. 

For verification of this condition in models, which we present, following |BosOO] . in Ap- 
pendix [Bl it is convenient to have an equivalent formulation in terms of the maps Qe- 
It is stated in the following simple lemma. A proof, up to obvious modifications, can be 
found in [BP90]. (See also Lemma 13.1.11 above for a similar argument). 

Lemma 3.5.1. We fix a double cone O and Q < p < 1. Then the following conditions are 
equivalent: 
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(a) The maps He are p -nuclear for any E >0. 

(h) The maps Qe are p-nuclear for any E > 0. 

Clearly, Condition is stronger than Condition Cjj. Thus in theories complying with 
this nuclearity criterion we can introduce the local continuous subspace 2lc(0) = {A £ 
21(0) I uJo{A) = }, fixed by some energetically accessible vacuum state wq, similarly as in 
the first part of Section [331 Moreover, we define the maps U^^ £ £(Te, 210(0)*) given by 

U%{ip)=ip\^^a), (3.5.1) 

which satisfy the following identity, valid for any (p £ Te and A € 2l(0), 

UE{ip){A) = U%{ip){A - LOoiA)!) + LOoiAMl). (3.5.2) 

One easily obtains from the above equality that Condition holds if and only if there 
exists an energetically accessible vacuum state and the corresponding maps are p- 
nuclear for any < p < 1. However, we note that this condition is still somewhat 
conservative, since it does not take into account the fact that for any (p £ Te the restricted 
functionals 'Px\%,{o) should be arbitrarily close to zero apart from translations varying in 
some compact subset of W, depending on p. It seems therefore desirable to introduce a 
family of norms on C{Te,X), where X is some Banach space, given for any N £ N and 
xi,...,XN e M*+^ by 

l|n|U,,...,.^= sup V||n(a:^.(^)in , U£C{Te,x) (3.5.3) 

and the corresponding family of p-norms ||n||p^a;^^,,,^2;j^. It is easily seen that if is p- 
nuclear w.r.t. the standard norm on i2(T£;, 2tc(0)), then it is also p-nuclear with respect 
to the norms (I3.5.3P and vice versa. Important additional information is contained in the 
dependence of the nuclear p-norms on A^. The assumption, which is consistent with the 
basic postulates and suitable for the purpose of deriving Condition C^;, is the following: 

Condition N^^: 

(a) There exists an energetically accessible vacuum state ujq and the corresponding 
maps Ilg are p-nuclear w.r.t. the norms ||. ||a;i,...,xjv for any G N, xi, . . . ,xn £ 

0<p<l,£^>Oand double cone O. 

(b) The nuclear p-norms of the maps satisfy 

limsup ||n^||p,xi,...,xjv < Cp,E, (3.5.4) 

where Cp^E is independent of and the limit is taken for configurations 
Xl, . . . ,xn, where all Xi — xj, i ^ j, tend to spacelike infinity. 

We verify this criterion in massive and massless free field theory, as well as in their even 
parts, in Appendix[El It is clear that if this condition holds in a given theory then it holds 
also in its sub-theories. In particular it is satisfied by the sub-theory of massless free field 
theory generated by derivatives of the field. (See Corollary IE. 2. 6p . 
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We note as an aside that the quantitative refinement (j3.5.4p implies that for any E >0, 
double cone O and sequence {6{n)}f^ s.t. (5(n)^;;z:;^ oo there holds 

1 " 1 

sup < llnlll („) („) ^ 0, (3.5.5) 

where {x^f^^}i G '^n,5{n)- This formula coincides with relation ()3.4.2ip . so we immediately 
conclude that Condition N[^ has all the implications listed in Theorem l3.4.3[ This approach 
to the study of the vacuum structure was taken in |Dy08.1| . However, in the present work 
we derived properties of the vacuum states from Conditions and C\, whose physical 
bases are more solid. Thus Condition N\;^ serves here only as an auxiliary step in the proof 
that Condition Ct| is consistent with the basic postulates. Our goal in this section is to 
prove the following theorem: 



Theorem 3.5.2. In any quantum field theory Condition implies Condition C^. 

Proceeding towards the proof of this theorem, we first decompose the map T,e^n,s £ 
C{Te X rAr,5, 21(0)* (g> C^p), given by (l3XT|) . as follows 

A V 

'^E,N,S = '^E,N,5 + ^E,N,S, (3.5.6) 

A 

^E,N,5iy^^^) = 0^e{^xi) - '/5(/)wo, • • ■,'nEiVxi) - ^{I)i^o), (3.5.7) 

V 

^E,N,6{v>,x) = ip{I)uJo (1, ... , 1). (3.5.8) 

V V 

Since S_b,7V,5 is a rank-one map, its e-content M{£)e,n,6 satisfies the bound 

^r^ \ ^i , 8^ll^£;,Af,<5lP i , k n\ 

Jy{£)E,N,S < iH 5-^ = 1 + ^ (3.5.9) 



which is independent of N. In order to estimate the e-content AA(e) e,n,5 of the map T,e. 
we introduce the auxiliary mapping S^, ^ 5 G C{Te x Tn^s,^c{0)* (8) C^p) given by 



N,5, 



^E,N,si^^^) = (nij('/'xj, • • • ,n|(¥P,^j). (3.5.10) 

We note that for any ((/?!, ^i), {V2,X2) £ Te x T]\f^s there holds 

V V 

\\T.E,N,siv>l,^i) - T.E,NAfi^^2)\\ < 2||S|;^iv,5(93l,Xi) - S^^^_5((/32, ^2) II • (3.5.11) 

A 

Thus, by definition of the e-content, we obtain AA(e)£;^Ar^5 < Mc{£/2)e,n,s, where A/'c(e)_E,Ar,5 
is the e-content of the map S^, jy ^. We will control this quantity with the help of Condi- 
tion Nl^ and the following key lemma. 

Lemma 3.5.3. Let V and W be Banach spaces and F be a set. Let G C{V x r,C) 
for k G {1,...,A^} and t € W be s.t. \\t\\ = 1. Then the e-content of the map S G 
C{V xT,W(g) C^p) given by 

T.{v,x) = T{Siiv,x),...,SNiv,x)), {v,x)£Vxr, (3.5.12) 

satisfies the bound 

AA(e)s < (4eA^)^^^, (3.5.13) 
where ||S||2 = sup(^^^)gvixr(Ef=i \Skiv,x)\'^)^ . 



56 



Chapter 3. Uniqueness of Spectral Decomposition and Vacuum Structure 



Proof. Fix e > and let Jq = {('^i + in2)£ \ ni,n2 € Z}. For each k € {1,...,A^} 
and u = {v,x) Vi X T we choose Jk{u) G Jo so that \Sk{u) — Jk{u)\ < \ple and 
\Jk{u)\ < \Sk{u)\. Define the set J = {Ji{u), . . . , Jn{u) | u G Vi x F} of all iV-tuples 
appearing in this way. We claim that > AA(4e)x;. In fact, assume that there are 
ui, . . . , UK £ Vi X T, K > #J, s.t. for i ^ j there holds 

4e < ||S(ni) - = sup \Skiu^) - Sk{uj)\. (3.5.14) 

fee{i,...,Af} 

Then there exists such k, depending on that 4e < \Sj^{ui) — S^{uj)\. Consequently, 
by a 3e-argument 

\Jk(^i) - -^fcKOI > \Skiui) - S-^{uj)\ - 2V2e > e, (3.5.15) 

which shows that there are at least K different elements of J in contradiction to our 
assumption. 

In order to estimate the cardinality of the set J, we define M = [ \ , assume for 
the moment that < M < 2N and denote by Vm{R) < e'^'^^^ the volume of the M- 
dimensional ball of radius R. Then 

#J < 1 ^ P^)2*^^a/(2\/M) < (4A^e)S"^. (3.5.16) 

ni,...,n2jv6Z 

nl+-+nlj^<M 

Here we noted that each admissible combination of integers ni, . . . , n2N contains at most 
M non-zero entries. Thus to estimate the above sum we picked M out of 2N indices 
and considered the points (nj^, . . . , rij^^) G Z*^ which belong to the M-dimensional ball of 
radius \/M. Each such point is a vertex of a unit cube which fits into a ball of radius 2-\fM 
(since ^/M is the length of the diagonal of the cube) . As in M dimensions a cube has 2^^ 
vertices, there can be no more than 2^'^Vm{2^/M) points (nj^, . . . ^Ui^^j) G Z^^ satisfying 
the restriction nf^ + ■ ■ ■ + nf < M. In the case M > 2N a more stringent bound (uniform 
in N) can be established by a similar reasoning. For Af = there obviously holds 7^ J = 1. 
□ 

Next, by a straightforward combination of Lemma 2.3 and Lemma 2.4 from jBD95j . we 
obtain the following useful lemma, which says, essentially, that the e-content of a sum of 
maps is equal to the product of their respective e-contents. 

Lemma 3.5.4. Let V , W be Banach spaces, let be a family of compact maps 

in C(y X T,W) and J\f{e)n be the corresponding e-contents. Suppose that ||5]„|| < cxd. 
Then the e-content M{e) of the (compact) map S := S„ satisfies, for any sequence of 
positive numbers {enjnsN s.t. Yln^n < the following bound 

k 

N{e) < liminf TT Af{en)n- (3.5.17) 

k—>oo 

n=l 

After this preparation we are ready to prove Theorem 13.5.21 The argument relies on 
techniques from the proof of Proposition 2.5 (ii) in |BD95j . 

Proof of Theorem 13.5.21 Fix < p < |. Then Condition N\-^ provides, for any 
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7 > 0, a decomposition of the map 11^^ into rank-one mappings n„( • ) = r„ 5„,( • ), where 
r„ G ^c{0)* and Sn^T^, s.t. 

oo 

E linnllS,,...,.^)^ < (1 + 7)l|n|||p,.,,...,.^. (3.5.18) 

n=l 

Assuming that the norms ||n„||2^j^...^a;.jy are given in descending order with n, we obtain 
the bound 

linju,...,., < (i + 7)l|nyp,.„...,.^ _ ^3_5_^g^ 

Similarly, we can decompose the map S^^^^, given by (j3.5.10p . into a sum of maps 
S„ G C{Te X rAr,5, 210(0)* C^p) of the form 

T,n{(p,x) = (n„(v3^J, . . . ,n„((^^^)) = Tn{Sn{(Pxi), ■ ■ ■ , Sn{^XN)) ■ (3.5.20) 

Now we apply Lemma [3.5.31 with r = t„/||t„|| and G C{Te x rjv,5,C), k £ {1, . . . ,N} 
given by 

Sk{^,x) = \\Tn\\ Sni^PxJ- (3.5.21) 

From estimate ()3.5.19p we obtain 

N 

ll^nlb = sup (X^ lkn|P|'S'n((/?^JP)2 

= sup linju,,...,., < sup (i + 7)l|nyp,.„...,.^ ^ ^3_^_22) 



where Xk = (0, Xk), A: G {1, . . . , N}. Substituting this inequality to the bound (|3.5.13p we 

get 

N{£)n<{^eN) . (3.5.23) 

Since ||S„|| = ||n„||, it follows from (|3.5.18p that the summability assumption of 
Lemma [3. 5. 41 is satisfied. We choose e„ = | — " ^'^^-^2/(3^) 1 make use of the bounds (|3.5.23p 

and (|3.5.17p . and take the infinum w.r.t. 7 > 0. There follows 

2"^(Bupggr llngllg,^^,...,.^) „-2/(3p)^3 

M,{e)E,N,s < (4eiV) ? ^^-i" . (3.5.24) 

From decomposition (j3.5.6p . estimate (j3.5.9p and Lemma 13.5.41 we obtain the bound on 
the e-content of the map 'Se,n,5 

^f{e)E,N,s < K{e/8)E,N,5^fc{e/8)E,N,5 < K{e/8)E,N,s{l + (3.5.25) 

The l.h.s. of this inequality is a decreasing and bounded from below function of 6, so we 
can take the limit 5 — > 00. With the help of formula ()3.5.24p and Condition we obtain 
the bound (I3.4.8P in the statement of Condition C^^. □ 
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Chapter 4 

Conclusions and Outlook 



In this work we have developed a detailed spectral theory of translation automorphisms 
in quantum field theory, pursuing the programme initiated in [Bu90J . Motivated by the 
spectral properties of unitary representations of translations acting on a Hilbert space, we 
proposed a decomposition of the algebra of local observables 21 into subspaces which differ 
in their behavior under translations in space. Our investigation has led to new insights 
into the infrared structure of quantum field theories, their particle content and properties 
of the vacuum states. 

First, we identified the counterpart of the pure-point subspace. In order to find the nat- 
ural projection P|o} on this subspace in the absence of orthogonality, we have established 
a variant of the ergodic theorem for the space translation automorphisms. It relies on 
physically motivated phase space conditions, whose consistency with the basic postulates 
has been verified by explicit computations in models of non-interacting particles. We have 
shown that these criteria have, in addition, a number of consequences pertaining to the 
vacuum structure, including the uniqueness of the energetically accessible vacuum state ujq 
and relaxation of physical states to ujq under large timelike translations. Moreover, this 
vacuum state is simply related to the above mentioned projection: P{o}{-) = ^^o{-)I- 
The continuous subspace has been defined as the kernel of this projection, or equivalently 
2tc = ker wq. 

Proceeding to a more detailed spectral analysis, we took the quantum-mechanical 
framework as a guide: We noted that square-integrability of the transition amplitude 
between a vector and its translate implies that this vector belongs to the absolutely con- 
tinuous subspace. We convinced ourselves that this property always holds for 'local' vec- 
tors whose wavefunctions are compactly supported in configuration space, which serve as 
analogues of local operators. More importantly, transition amplitudes between an arbi- 
trary vector and translates of a 'local' one are also square-integrable, but not necessarily 
integrable with any smaller power. Summing up, square-integrability of the transition 
amplitudes on the one hand implies absolute continuity of the spectrum and on the other 
hand is the strongest decay property to be expected from 'local' vectors. Therefore, in 
quantum field theory we have defined the absolutely continuous subspace 2lac as consisting 
of square-integrable elements i.e. A € satisfying ||^||_b,2 < oo for any E > 0. We have 
shown that in a number of cases this subspace can be expressed as the intersection of ker- 
nels of a finite family of linear functionals i.e. 2lac = ker ujq D ker ti H . . . n ker r„. Then its 
direct sum complement is finite dimensional, akin to the pure-point part, what motivates 
the term 'point-continuous subspace' 2tpc. We emphasize that this subspace does not have 
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a quantum mechanical counterpart - it carries information about the infrared structure 
which is specific to quantum field theories. If 2lpc is non-trivial, then 2tc contains some 
elements A which are not square-integrable. Their deviation from square-integrability can 
be quantified with the help of a new concept: the 'infrared order' ord(A) of the observ- 
able A. It captures the regularity properties of the distribution A(p) which, as we argued 
in Section 11.4^ is a natural analogue of the spectral measure for the Arveson spectrum. 
Since the infrared orders of observables from 2lc can also be computed with the help of the 
functionals {tj}" (see the proof of Theorem 12.2.51 in Section fC.ip . a model-independent 
construction of such functionals would constitute a major progress in our understanding 
of the spectral theory of automorphism groups. Taking our study of non-interacting ex- 
amples as a guide, decent phase space properties and sufficiently rich field content of a 
theory should be relevant to the study of this problem. 

As explained in Section [1.31 to unravel particle aspects of a theory, one needs integrable 
observables i.e. such C £ 2t that ||C||£;^i < oo for any E > 0. In view of the above 
discussion we conjecture that there do not exist non-zero local operators which satisfy this 
property. A class of almost local, integrable observables was found in |Bu90j . However, 
apart from the case of Wigner particles, it was not known under what conditions the 
particle content of a theory is non-trivial. We have proposed a criterion, suitable for 
a class of massive theories, which introduces a new family of particle detectors. With 
these novel integrable observables one can approximate pointlike localized fields in the 
topology generated by the seminorms || • \\e,i- Assuming in addition the existence of the 
stress-energy tensor, we have obtained non-triviality of the particle content, substantiating 
the strategy put forward in [Bu94j . We expect that the conditions mentioned above, or 
their strengthened variants, have other interesting consequences, perhaps even some weak 
form of asymptotic completeness, as discussed in the last part of Section 12.31 It would 
therefore be desirable to find similar criteria in the realm of massless theories. There we 
have acquired thorough understanding of square-integrability properties of observables, 
but integrable detectors, which could approximate the stress-energy tensor, have not been 
found as yet. 

Another interesting problem is convergence of the asymptotic functional approximants 
{c^*^}ieR+ , defined by formula ()2.3.6I) . as t — > oo. This property is certainly expected on 
physical grounds, since results of particle physics experiments stabilize for sufficiently large 
times. Although we do not know any examples, where this property would fail, a proof 
relying only on the basic postulates of QFT is out of sight at the moment. On the other 
hand, our study of the problem of convergence to the vacuum in Chapter [3] suggests an 
approach based on phase space conditions. Let us outline briefly a possible strategy: First, 
we note that Condition C^], stated in Section [331 provides a promising starting point as 
it does not require any a priori knowledge of the limiting state. This is a great advantage 
in the present context, since the asymptotic functionals ct^\ in contrast to asymptotic 
vacuum states, depend in a complicated manner on the initial functional f. In fact, they 
should describe all the possible asymptotic particle configurations, so no uniqueness result 
is expected here. To reformulate Condition C\;^ so that it describes the results of particle 
measurements, separated by large time intervals, we define 

rSjl = {i := iti,...,tN)£K\ \ti -tj\>^ for i / j }. (4.0.1) 

Next, we adopt Condition L^^) stated in Section and note that ^c{0) 3 A —>■ a!^^ iA{g)) 
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is a bounded linear functional for any t S M+, ip £ Te and a suitable time-smearing function 

g e S(R) 

instead o 
given by 



g S 5'(M). It is convenient to shift the smearing on the functional if i.e. to write a!^l{A) 
instead of a!^\A{g)). Now we introduce the maps S^]^ ^ : Te x — > 2lc(0)* (8) 



The hmits of {<T^*]}tgR_|_ as t — > oo are directly related to the asymptotic functionals 
which constitute the particle content of a theory. Thus in physical terms the ranges of 
these maps consist of collections of data (summed over time-slices) obtained in particle 
physics experiments. In a typical experiment, after a finite number of rescattering events 
there emerges a stable, asymptotic configuration. (See [Ha], Section VI. 2. 3). As a first 
orientation, let us make the 'uniform dispersion' assumption which says that the number 
of such events, which can be detected up to some accuracy e, is bounded by some constant 
c{e,E), independent of the initial functional £ Te^i- Hence we obtain that the number 
of distinguishable collections of data should not exceed {^(^^e)) — N'^^'^'-^\ Therefore, we 

impose on the maps S^]^^ the following variant of Condition Ctj: 
Tentative Condition C|^^ ^ 

(a) The maps S^]^^ are compact for any £'>0, A^eN, (5>0 and double cone 
O C W+'^. 

(b) The e-contents AA(^)^]v5 of the maps S^]^^ satisfy, for any e > 0, 

\imM{ei^l,<{N + l)<^'^\ (4.0.3) 

0— >oo ' ' 

for some constant c{E,e) independent of N. 

Under this condition we immediately obtain convergence of the asymptotic functional 
approximants on the class of detectors introduced in Condition L^^^: We fix G Te^i- 
By compactness of the map ^, there exist limit points o-^'g^"^ of the net {a^l}t£R+ 
as t ^ oo, which can be approximated by sequences {o"^*g'"'*}neN in the norm topology 
of ^c{0)* . Suppose that there are two different limit points cr!^g^^ and a!^^^^ i.e. there 

holds \a!:pg^\A) — a!^g~^\A)\ > e for some A € 210(0)1 and e > 0. By choosing suit- 
able subsequences of their approximating sequences, one can easily show that for any 
ii, . . . , zat € {1, 2} the elements 

(a£'+), . . . , a(j;'+)) E MOT ® Cf^up (4.0.4) 

belong to the closures of the ranges of the maps S^]^^ for any 5 > 0. Since there are 
2^ such elements and their mutual norm distances are larger than e, the bound (j4.0.3p 
is violated. We conclude that all the limit points cr^'g^^ are equal. Thus, for any G Te, 
we obtain the unique functional fi^^^ = limt_^oo (^^^l describing the asymptotic particle 
configuration. Moreover, by part (a) of the above assumption, the set { o"^^^ | 99 G Te^i } 
is compact in the norm topology of ^c{0)* . 
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Unfortunately, wc do not have a complete verification argument for the above ten- 
tative condition. Preliminary computations in massive scalar free field theory confirm 
the qualitative part (a). On the other hand, the quantitative refinement (b) seems to be 
satisfied only after replacing the space 21^(0) with a smaller, but infinitely dimensional 
subspace ^c{OY^^ in the definition of the maps S^]^^. This indicates that our 'uniform 
dispersion' picture can be maintained only after excluding some 'oversensitive' detectors. 
In this particular model it can be shown that the subspace 2lc(C)^~'"^ is sufficiently large to 
ensure non-triviality of the asymptotic functionals, but it is not clear how to formulate this 
requirement in general terms. Interestingly, ^c{0)^^^ can be expressed as the intersection 
of kernels of a (countable) family of functionals, akin to the spectral subspaces discussed 
above. Better understanding of the origin of this subspace may, on the one hand, shed 
light on the question of convergence of the asymptotic functional approximants, on the 
other hand open the door to deeper understanding of the spectral theory of automorphism 
groups. 



Appendix A 



Haag-Ruelle Scattering Theory in 
Presence of Massless Particles 

In this appendix, which complements our discussion in Section [L2l we construct a scatter- 
ing theory of stable, massive particles without assuming mass gaps. This extension of the 
Haag-Ruelle theory is based on advances in the harmonic analysis of local operators |Bu90j 
restated in Theorem 1 1 . 6 . 2 1 of the present Thesis. Our construction is restricted to theories 
complying with a regularity property introduced by Herbst, stated as Condition A' below. 
The appendix concludes with a brief discussion of the status of this assumption. The 
analysis presented here has been published in |Dy05| . 

A.l Introduction 

It is the aim of this appendix to prove that the Haag-Ruelle collision theory can be 
extended to stable massive particles, obeying a sharp dispersion law, in the presence of 
massless excitations. Thus we do not touch upon the infraparticle problem |Sch63l [Bu86j . 
mentioned in Section 11.21 but our arguments are applicable, for example, to electrically 
neutral, stable particles such as atoms in quantum electrodynamics. Before we enter into 
this discussion we briefly outline our notation, state our assumptions and comment on 
previous approaches to this problem. 

Similarly as in Section II. 2^ we adopt here a more restrictive framework than the one 
expounded in Section [1.61 First, we restrict attention to the physical case of dimension of 
space s = 3. Next, we assume that the Poincare transformations are unitarily implemented 
i.e. there exists a continuous unitary representation P| 3 (x,A) — > U{x,A) acting on the 
Hilbert space 7i s.t. a(x,A)(') = U{x,A) ■ U{x,A)*. It is also required that there exists 
in TC a unique (up to a phase) vacuum vector which is invariant under the action of U. 
Finally, we suppose that the point spectrum of the mass operator M = \/ — consists, 
apart from 0, of a unique eigenvalue m > 0. We also postulate that the representation 
U, restricted to the corresponding spectral subspace Ti.^"^\ coincides with the irreducible 
representation of the Poincare group of mass m and spin 0. In other words, we consider 
a single species of massive, spinless particles. In the pioneering work of Haag |Ha58j and 
Ruelle |Ru62] these general postulates were amended by two additional requirements: 

Conditioned: The time-dependent operators j4(/j') = J j4(3;)/7^(x)(i'^2;, constructed 
from A[x) = U{x)AU{x)~^ , A G 21(0) and suitably chosen sequences of functions 
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/t e S{R^), satisfy A{fT)n ^ 0, A{fT)n £ and ^^(/t)^ = 0. 

Condition M: The vacuum is isolated from the rest of the energy-momentum 
spectrum. 

Both of these conditions are ensured if the mass m is an isolated eigenvalue of the mass 
operator M. On the other hand, if the mass of the particle in question is an embedded 
eigenvalue, then it seems difficult to meet the requirement A. It was, however, noticed by 
Herbst [Her 71 1 that, in fact, it is only needed in the proof that s - limT^oo A^Jt)^ is a non- 
zero vector in T^t"*! and ||^^(/T)f2|| is an integrable function of T. We summarize here 
Herbst's analysis since it will be the starting point of our considerations: The operators 
A^/t) are constructed in a slightly different manner than in the work of Haag and Ruelle: 
First, a local operator A is smeared in space with a regular solution of the Klein-Gordon 
equation f{t,x) = / e'^^^P^^+'P^ f{p)d^p, (where / G C^(M"), uj{p) = y^f + m^): 



Atif) = j Ait,x)f{t,x)d^x. (A.1.1) 



Next, to construct the time averaging function, we choose s{T) = T'^ , < u < 1 and a 
positive function h € S'(M) such that its Fourier transform satisfies h G Cq°(M), /i(0) = 
(27r)-2. Then we set hT{t) = j^H^^) for T > 1 and define [HerTlllBlTTTl : 

Aifr) = J hT{t)At{f)dt. (A.1.2) 

It is clear from the formulas (jA.l.ip and ()A.1.2p that frix) = hT{x^)f{x^,x). Its Fourier 
transform fx has a compact support which approaches a compact subset of the mass 
hyperboloid as T — > oo. In view of this fact we will refer to ^(/t) as creation operators and 
to ^(/t)* as annihilation operators. This terminology is also supported by the following 
simple calculation: 

s - lmi^A{fT)n = P[„,^Aim, (A.1.3) 

where A{f) = At=o{f) and P[„] is the projection on the single-particle space T^I™]. The 
integrability condition requires the following assumption: 

Condition A': There exist operators A S 21(0) such that P[„^jAQ ^ and for every 

\\P{m^ - 5 <p^ <m^ + 5){l - P[rr,])An\\ < c5', (AAA) 

where P{-) is the spectral measure of the energy-momentum operators and c, e > 0. 
We refer to such operators as 'regular'. 

For regular operators there holds the bound 

\\4^A(fT)n\\ < -T^TT^ (A.1.5) 

which implies integrability if > -pi-. Now we are ready to state the main result of 
Herbst; we restrict attention to the outgoing asymptotic states since the case of 
incoming states is completely analogous. 
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Theorem A. 1.1. \Her71^ Suppose that the theory respects Conditions M and A' . Then, 
for regular operators ^j, i £ {1, . . . , n}, there exists the limit 

^+ = s - lim AiifiT) ■ . . AnifnT)^ (A.1.6) 

T — ^oo 

and it depends only on the single-particle states P^^jAi(fi)^}. Moreover, given two states 

'1'+ and , constructed as above using creation operators Ai{fi^T) o-nd Ai{fi^T), i £ 
{1, . . . ,n} , their scalar product can be calculated as follows 

(^+|$+) = ^ (0|yli(/i)*Pf^]X^(/^Jl^)...(17|A„(/„)*P[^]X„(7^jn). (A.1.7) 
Here the sum is over all permutations of an n- element set. 

It was, however, anticipated already by Ruelle [Ru62j that in a purely massive theory 
Condition A can be replaced by the following, physically meaningful, stability requirement: 

Condition S: In a theory satisfying M a particle can only be stable if, in its 
superselection sector, its mass is separated from the rest of the spectrum by a lower 
and upper mass gap. 

This condition is also stated in Herbst's work |Her71j . but he expects that scattering theory 
should be a necessary tool to study the superselection structure. Subsequent analysis by 
Buchholz and Fredenhagen ^BF82j clarified this issue: There exist interpolating fields 
which connect the vacuum with the sector of the given particle. Although they are, in 
general, localized in spacelike cones, they can be used to construct a collision theory. 
Thereby there exists a prominent alternative to the approach of Herbst in the realm of 
massive theories. 

It is the purpose of our investigations to extend Herbst's result to the situation where 
massless particles are present, that is Conditions M and 5* do not hold. A model physical 
example of a system with a sharp mass immersed in a spectrum of massless particles is 
the hydrogen atom in its ground state from the point of view of quantum electrodynamics. 
Although the approach of Herbst seems perfectly adequate to study such situations, the 
original proof of Theorem lA.l.ll does not work because of the slow, quadratic decay of 
the correlation functions. In order to overcome this difficulty, we apply the bounds on 
creation operators obtained by Buchholz |Bu90| . Namely, if A is any compact subset of 
the energy-momentum spectrum and / vanishes sufficiently fast at zero then: 

P(/t)P(A)||<c, (A.1.8) 
P(/TrP(A)||<c, (A.1.9) 

where the constant c does not depend on time. In fact, these bounds easily follow from 
Theorem 11.6.21 First, we note that by the Cauchy-Schwarz inequality there holds for any 
e > 0, ^ > 

\\PEAt{f)PE\\ < ^sup^ ( j d^p\p\'+^\^{A{p)tf^{ j (A.1.10) 

In particular, the r.h.s. is independent of t. Next, making use of the fact that the Fourier 
transform of fx has a compact support, we can find for any compact set A C another 
compact subset A' of the energy-momentum spectrum and £J > s.t. 

P(/t)P(A)|| = ||P(A')A(/t)P(A)|| < \\h\\isnv\\PEAt{f)PE\\. (A.1.11) 
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This bound together with estimate (jA.l.lOp justifies relation (jA.l.Sp . The case of 
is treated analogously. 

The remaining part of this appendix is organized as follows: In Section [A.2I we prove 
the existence of asymptotic states and verify that the limits are independent of the actual 
value of the parameter < < 1 chosen in the time averages of the operators A^Jt)- 
This property allows us to apply in Section IA.3I the methods from the collision theory of 
massless bosons [Bu77| in order to calculate the scalar product of asymptotic states. In 
the Conclusion we summarize our results and discuss the status of Condition A' . 

A. 2 Existence of Asymptotic States 

In order to prove the existence of asymptotic states we need information about the time 
evolution of the operators and their commutators. It is the purpose of the two 

lemmas below to summarize the necessary properties. Before we enter into these inves- 
tigations, we recall that the regular solutions of the Klein-Gordon equation satisfy the 
bounds [ml62] 

\ftix)\ < c{l + \t\r^/\ (A.2.1) 
I d'x\ft{x)\ < c(l + |t|)3/2, (A.2.2) 

where the constant c is independent of t and x. 

Lemma A.2.1. Let A{fT)* denote A{fT) or Aifr)* . Then: 

(a) P(/t)#|| <cr3/2. 

(b) P(Ai)^(/t)#P(A2) = i/ Ai n (Aa ± suppfr) = 0. The (+) sign holds for Aifr), 
{-)forA{fTr. 

(c) Suppose that the functions fi, i G {1, . . . ,n}, vanish sufficiently fast at zero. Then, 
for any compact subset A of the energy-momentum spectrum: 

Pi(/i,t)# . . . An{fn,T)*P{m < ^1- (A.2.3) 

The constants c, c\ do not depend on T. 
Proof. 

(a) The statement follows from the estimate 

\\A{fT)*\\ < \\A*\\ I dthrit) I d^x\f{t,x)\<co I dthT{t){l + \t\f/^ 

= coJdth{t){l + \s{T)t + T\f/^<cT^^^, (A.2.4) 

where in the second step we used property (|A.2.ip of regular solutions of the Klein- 
Gordon equation. 

(b) See, for example, |Ar82] . 
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(c) For n = 1 the assertion follows from (jA.l.SP and (|A.1.9p . Assuming that ()A.2.3P is 
valid for n — 1 and making use of part (b) of this lemma we estimate 

Pi(/i,t)#...A„(/„,t)#P(A)|| 

= Pi(/i,t)* . . . A„_i(/„_i,t)*P(A ± SUpp/„,T)A(/n,T)*P(A)|| 

< Pi(/i,t)* . . . An-l{fn-l,T)*P{A ± SUpp/„,T) || (/n,T)*P(A) || .(A.2.5) 

The last expression is bounded by the inductive assumption and the support prop- 
erties of functions fx- D 

Now we turn our attention to the commutators of the operators It will simplify 

this discussion to decompose the function fx into its compactly supported dominant con- 
tribution and a spatially extended, but rapidly decreasing remainder [BBSOlj . To this 
end, let us define the velocity support of the function / 

r(/) = {(1, -4^)\P^ supp/}. (A.2.6) 

uj{p) 

We introduce a function xs ^ C^(M^) such that = 1 on r(/) and = in the 

A 

complement of a slightly larger set T{f)s. fri^) = fT{x)X5{x /T) is the asymptotically 

V 

dominant part of /t, whereas /^(x) = /t(x)(1 — xsi^/T)) tends rapidly to zero with 
T — > oo |Her7H IHe66j . In particular, for each natural and some fixed Nq > 4 there 
exists a constant cat such that 



/ 



\fT{x)\d^x<CN ^ j.^ . (A.2.7) 



We remark that this bound relies on the slow increase of the function s{T), so Condition A' 
cannot be eliminated simply by modifying this function. 

As was observed first by Hepp [He65j, particularly strong estimates on commutators 
can be obtained in the case of particles moving with different velocities. 

Lemma A. 2. 2. Let Ai{fi^T), ^2(/2,t); ^3(/3,t) be defined as above. Moreover, let fi, 
f2 have disjoint velocity supports. Then, for each natural N, there exists a constant cn 
such that: 



(a) ||[Ai(/i,t),A2(/2,t)]||< 



Cn 



(b) ||[^l(/l,T),[^2(/2,T),^3(/3,r)]]|| < j^. 

The same estimates are valid if some of the operators ^(/t) cire replaced by their adjoints 
or time derivatives. 

Proof. 

A V 

(a) Making use of the decomposition fx = fx + /t' obtain 

[^i(/i,t), A2(/2,t)] = [Al{h,T),Mf2,T)] + [^1 (/ 1,t) , ^2 ( / 2,t)] 

+ [A,{h,T),Mf2,T)] + [Mfl,T),Mf2,T)]- (A.2.8) 
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The first term on the r.h.s. is a commutator of two local operators. For sufficiently 
large T their localization regions become spatially separated because of disjointness 
of the velocity supports of fi and f2- Then the commutator vanishes by virtue of 

V 

locality. Each of the remaining terms contains a factor A{f']^) which decreases in 

A 

norm faster than any power of T-^ by estimate (IA.2.711 . It is multiphed by Aif^) 
which increases in norm only as T^/^ by Lemma lA.2.11 (a). 

(b) First, let us suppose that /a and /2 have disjoint velocity supports. Then 
[^2(/2,t)i ^3(/3,t)] decreases fast in norm as a consequence of part (a) of this lemma. 
Recalling that the norm of Ai{fi^T) increases at most as T^/^ the assertion follows. 
Now suppose that and /i have disjoint velocity supports. Then, by application 
of the Jacobi identity, we arrive at the previous situation. In the general case we 
use a smooth partition of unity to decompose /s into a sum of two functions, each 
belonging to one of the two special classes studied above. 

The statement about adjoints is obvious. To justify the claim concerning derivatives we 
note that: 

^Aifr) = -^|^(^(/t) +^(/aT)) +^(/6t)}, (A.2.9) 

where far is constructed using ha{t) = i^^^ and fhx contains hh^t) = Although 
ha and hh do not satisfy all the conditions imposed previously on functions h, they are 

A V 

elements of 5'(M). This property suffices to prove the decomposition fx = fx + fx- ^ 

Having constructed creation operators and studied their properties, it will be fairly simple 
to demonstrate the existence of asymptotic states. The following theorem uses the original 
method of Haag [ Ha58] modified by Araki [Arj . 

Theorem A. 2. 3. Suppose that local operators Ai,...,An are regular, /i,...,/n have 
disjoint velocity supports and vanish sufficiently fast at zero. Moreover, s{T) = , < 
u < 1, where £ is the exponent appearing in the regularity condition A' . Let us denote 
^(T) = . . . An{fnT)^- Then there exists the limit = s -lim^'^oo ^{T) and it 

is called the asymptotic state. 

Proof. We verify the Cauchy condition using Cook's method 

\\^{T2)-^{n)\\< ||_i_i||rfr. (A.2.10) 

It now has to be checked whether the integrand decays sufficiently fast when T — > oo. By 
using the Leibniz rule, and then commuting the derivatives of creation operators with the 
other operators until they act on the vacuum, we arrive at the following expression 

^ = j2Mfl,T).---^A,if,^T)...AMn,T)n 

k=l 

n n J 

= E{ E Mh,T)...[^Mfk,T),Ai{fi^T)]...An{fn,T)^ 
k=l l=k+l 

+ Ai{h,T)...k...An{fn,T)-^Ak{fk,T)^}, (A.2.11) 
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where k denotes omission of Ak{fkT)- Each term containing commutators van- 
ishes in norm faster than any power of since the rapid decay of commutators, 
proved in Lemma IA.2.21 (a), suppresses the polynomial increase of shown in 
Lemma IA.2.11 (a). To estimate the remaining terms we first note that, by virtue of 
formula (|A.2.9p and Lemma [A.2.11 (b), the vector ■^Ak{fk,T)^ has a compact spectral 
support A. Consequently, 

Pi(/i,t) ...k... An{fn,T)-^Ak{fk,T)m 
= Pi(/i,t) ...k... AMn,T)PiA)-^Akifk,TM\ 

< Pi(/i,r) ...k... AMn,T)P{A)\\\\^Ak{h,TM < j^^, (A.2.12) 

where in the last step we made use of Lemma lA. 2. 11 (c) and estimate ()A.1.5p . As ^{l+e) > 
1, the integral (|A.2.10p tends to zero when Ti,T2 oo and the Cauchy condition is 
satisfied. □ 

It is a remarkable feature of asymptotic states with disjoint velocity supports that already 
at this stage it is possible to prove that they depend only on the single-particle states 
P[mjA{f)^} rather than on the specific A, /, h, and s that were used to construct them. 
As the possibility to relax the increase of functions s(T) is particularly important for us, 
we temporarily introduce the notation A{f^) to distinguish between operators containing 
different functions s(T). The following lemma is due to D. Buchholz. 

Lemma A. 2.4. Suppose that the families of operators j.), . . . , j.), resp. 

Ai{flj,), . . . , An{f^ J.), satisfy the following conditions: 

(a) The functions /i, . . . , /„, resp. /i, . . . , /„, have, within each family, disjoint velocity 
supports and vanish sufficiently fast at zero. 

(h) P\mT^Ai{fi)VL = z G {1, . . . i.e. the single-particle states correspond- 

ing to the two families of operators coincide. 

(c) = s -limr_oo Ai{fl j) . . . A„(/^_j.)17 exists. 

Then the limit = s -limT_+oo • • • ^"(/nr)^ exists and coincides with . 

Proof. We proceed by induction. For n = 1 the assertion is satisfied by assumption. Let 
us assume that it is satisfied for states involving n — 1 creation operators. Then the follow- 
ing inequality establishes the strong convergence of the net 74i(/* j,)A2(/|/p) . . . An{f^ 5")^ 

Pi(/iV)A2(/i,t) • • • amit)^ - Ai{fiT)MTiT) ■ ■ ■ An{T:,,Tm 

< Pi(/iV)P(A)||P2(/|,t) • • • Mfn,T)^ - MTIt) ■ ■ ■ MR,tM, (A.2.13) 

where A is the spectral support of the product of creation operators acting on the vacuum 
which is compact by Lemma IA.2.11 (b). The r.h.s. of this expression vanishes in the 
limit of large T as a consequence of estimate (jA.l.SP and the induction hypothesis. By 
applying the bound on commutators proved in Lemma IA.2.21 (a) and the estimate from 
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where Ai is again a compact spectral support. The r.h.s. of this inequality tends to zero 
with r — > oo by assumption (b) and the bound in Lemma lA.2.11 (c). □ 



A. 3 Fock Structure of Asymptotic States 

It was instrumental in the original proof of the existence of asymptotic states that s{T) = 
, where v was sufficiently close to one. Lemma lA.2.41 allows us to relax this condition 
and choose any < < 1 . Using this piece of information we will verify the Fock structure 
of the scattering states by the following strategy: First, we establish a counterpart of the 
relation aa*Vt = [Q\aa*\Q?)VL satisfied by the ordinary creation and annihilation operators. 
Once this equality is proven in the sense of strong limits, we combine it with the double 
commutator bound from Lemma [A.2.2l (b) to obtain the factorization of the scalar product 
of the scattering states. 

We start from two definitions: 0{r) is the double cone of radius r. By 2to we denote 
the weakly dense subalgebra of 21 consisting of operators for which the operator valued 
functions x — > ^4(3;) are infinitely often differentiable in the norm topology. (We remark 
that, given any regular operator, we can construct a regular operator in 2lo by smearing 
it with a smooth function). 

Now we proceed along the lines set in the scattering theory of massless bosons. (See 
[Bu77] p. 169.) The analysis is based on the following result, due to Araki, Hepp and 
Ruelle, on the two-point function of operators from 2lo localized in double cones. 



Lemma A. 3.1. \AHR6^ Let Ci and C2 he local operators in 2to, localized in double cones 
0{ri), 0{r2). Then for all \x\ > 2(ri + rs) 

\{n\Ci{x){i - PQ)C2n)\ < c\x\~^{ri + r2f{\\cin\\\\doC2VL\\ + \\cim\dQCi^\\}, (A.3.1) 



where Pq = l^)(^l o,''^'^ c is a constant which depends neither on x nor on Ci, C2 and 



We will apply this lemma, taking as Ci and C2 the commutators [Ai{ti,Xi), Aj{tj,Xj)]. It 
will be used in the proof of the following statement that these operators are localized in 
regions of finite volume, as long as the differences \ti — tj\ are kept small. 

Lemma A. 3. 2. Let Ai,. . . ^A^ G 2lo he localized in douhle cones ©(ri), . . . , 0{r4). We 
define 



ri, r2. 



K={n\[Ai{ti,Xi),A2{t2,X2)]{l- Po)[As{ts,X3),Ai{ti,Xi)]n) 



(A.3.2) 



where Pq = Then the following estimate holds 

r 1 

\K\ < cx{\xi - X2I < R)xi\x3 - a;4| < -R) • < ^ 



if — X'sl < 4i? 
^/ 1 2^2 — 2:3 1 > 4i? 



(A.3.3) 



A. 3. Fock Structure of Asymptotic States 



71 



where R = ^f^i{ri + \t — ti\) , t = +t2 + ^3 + ^4) and x are the characteristic functions 
of the respective sets. The constant c depends neither on ti, . . . ,t4 nor on ri, . . . ^r^. 

Proof. Using translation invariance of the vacuum, we can rewrite K as follows: 

K = (17|[^i(ti-t,fi2),A2(t2-t,r2i)][/(f)(l-Po)[^3(i3-i,r34),^4(t4-t,r43)]rj), (A.3.4) 

where rj^ = ^(xj — Xfc), x = \{xi + X2 — 2^3 — x^). The commutator [Ai{ti — t, rik), ^fc(ifc — 
t, rfcj)] is locahzed in a double cone of radius r given by 

r = \rik\ +ri + rk + \ti - t\ + \tk - t\. (A.3.5) 

But it is zero (owing to locality) if 

2|f,fc| > ri + ru + \ti -t\ + \tk - t\. (A.3.6) 

Consequently, there follows the bound for r 

r < ^(ri + rfc + \ti -t\ + \tk - t\). (A.3.7) 

Now we can apply Lemma [A. . 3 . 1 1 and get for \x\ > 'iJ2i=ii^i + l^j ~ ^1) 

4 

\K\ < c\x\-^^{ri + \ti-t\))'' 

i=l 

■ {\\[Ai{ti,Xi),A2{t2,X2)]*n\\ \\[doA3{ts,X3),Ai{t4,X4)]n 

+ [A3{t3,xs),doAi{t4,X4)]n\\ + {1^3,2^4)}. (A.3.8) 

The r.h.s. of this expression vanishes, if either of the following two conditions holds 

\xi - X2\ > \ti - t2\ + ri + r2, (A. 3. 9) 

1^3 - ^4| > 1*3 -i4| +r-3 + r4. (A.3.10) 

We may therefore estimate |x| as follows: 

1 



\2{X2 - X3) - {X2 - Xi) - (X4 - fs)! 



> |X2 - fsl - ^(|X2 - fll + |X4 - X3I) 

1 ^ 1 

> \X2 - xsl - + \ti - t\) = \X2 - X3\ - -R. (A.3.11) 

1=1 

If |x2 — X3I > 4:R then |x| > 3R and it follows from the bound ()A.3.8P that 

\K\ < cR^{\x2 - fsP + R^y^x{\xi - X2\ < R)x{\x3 - X4I < R). (A.3.12) 
When |x2 — 2;3| < 4i? we estimate trivially 

\K\ < \\[Ai{ti,Xi),A2{t2,X2)]\\\\[A3{t3,X3),A4{t4,X4)]\\ 

< c'x{\xi - X2\ < R)X{\X3 - X4\ < R), (A.3.13) 

what concludes the proof. □ 

Now we are ready to prove that a product of a creation and annihilation operator acting 
on the vacuum reproduces it. 
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Proposition A. 3. 3. Suppose that Ai, A2 are local operators from 2lo, s(T) = T'^ , v < 
1/8. Then 

s -lmi^Ai{fiyA2{f2)n = {n\Ai{fiyP[^]A2{f2)m. (A.3.14) 

Proof. We start by performing the integration of the function K from the preceding 
lemma with the regular Klein-Gordon wave-packets and estimating the behavior of the 
resulting function of ti, . . . , t4. We will change the variables of integration to ui = X2 — X1, 
U2 = X2, U3 = xs — X2, 'U4 = X4 — X3. In the region \x2 — X3I > 4i2 we obtain 

I d^xi\Mtux^)\... I (fxMU,X4)\\K\ 

< cR'^{l + \ti\)-^/^{l + \ti\)-^l''{l + \t2\f/''. (A.3.15) 

Here in the first step we applied the bound (|A.2.ip to /i and /4. In the second step 
we exploited estimate ()A.2.2p to control the integral w.r.t. U3 and we used the inequality 
2 1 < (■pj^^jTqr^)^ + |/3(', order to verify that the integral over U3 is bounded in 

t3. In the region |rE2 — X3I < 4i? our estimate becomes improved by the factor (1-|- |t3|)~3/2^ 
so ()A.3.15P holds without restrictions. 

Since = for sufficiently large T, we can estimate: 

\\Ai{h.TTA2{h.T)^ - mA^{h,TrA2{h.T)m\? 

= (0|[^2(/2,T)*,Ai(/i,T)](l-Po)[^l(/l,T)*,^2(/2,T)]f^) 

< j dt^hT{ti) ... j dtihT{ti)cR\l + + |t4|)~'/'(l + 1*2!)'/' 

< Cy^. (A.3.16) 

Now the assertion follows from the slow increase of the function s{T). □ 

After this preparation it is straightforward to calculate the scalar product of two asymp- 
totic states. 

Theorem A.3.4. Suppose that Aiifi^x), ■ ■ ■ , An{fn,T), resp. 1i(/i,t), • • • , ^n(/n,T), are 
two families of creation operators constructed using local operators from 2to, functions fi, 

resp. /j, i = 1, . . . ,n, vanishing sufficiently fast at zero and having, within each family, 
disjoint velocity supports. Moreover, s{T) = T'^ , where < < 1. Then 

hm {n\An{fn,Tr ■ . .^i(/i,t)*^i(/i,t) • . . M^T^ 

1 — >oo 

= mMihTPlM^aAU,)^) ■ ■ ■ mAn{fnrP[rr.]AaMoM- (A.3.17) 

Here the sum is over all permutations of an n- element set. 



Proof. First, we make use of Lemma IA.2.41 to ensure a sufficiently slow increase of the 
function s{T). Next, we proceed by induction. For n = 1 the theorem is trivially true. 
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Let us assume that it is true for n — 1 and compute 

in\An{fn,Tr . . . ^i(/i,t)*1i(/i,t) • • • Mfn,T)n) 
n 

= Y.{n\An{fn,Tr . ■ ■ A2{f2,TrMfl,T) ■ ■ ■ [^1 (/i,t)* , ^fc (A,t)] • • • Mfn^T)^) 
k=l 

n n 

= Ei Y.(^\Mfn,Tr...A2{f2,TrMfi,T)... 

k=l l=k+l 

■ . . [[Aiih,T)\Mfk,T)],Mfi,T)] ■ ■ ■ Mkr)^) 

+ {n\An{fn,Tr . . . ^2(/2,t)*Ii(/i,t) • • • A: . . . I„(/„,t)^1 (/l,T)*lfe (/fc,T)^^) } .(A.3. 18) 

Terms containing double commutators vanish in the limit by Lemma IA.2.21 (b) and 
Lemma IA.2.11 (a). The remaining terms factorize by the preceding proposition and by 
Lemma rA.2. II (b) and (c) 

hm in\An{fn,Tr ■ ■ ■ A2if2,TrMfl,T) ■■■k... Mfn,T)Ai{h,TrMfk,Tm 

= hm {n\AMn,Tr ■..A2{f2,TrMfl,T)...k...AMn,Tm)- 

1 — ^■oo 

• {^\Ai{hfPy„,^Mfk)^)- (A.3.19) 
This quantity factorizes into two-point functions by the induction hypothesis. □ 

It is also evident from the proof that the scalar product of two asymptotic states involving 
different numbers of operators is zero. Now the Fock structure of asymptotic states and 
the construction of the wave operators follows by standard density arguments: By Condi- 
tion A! there exists a regular operator A e 2t(0) s.t. Py^T^AQ. / 0. Since the representation 

U acts irreducibly in ^I™] , the vectors {U{x, A)P[„] | (a;, A) G P| } span a dense set in 
this subspace. Making use of the fact that a Poincare transformation of a regular operator 
is regular, we obtain that the set of vectors 

{ I ^-regular, / G C^(r3) vanishes sufficiently fast at } (A.3.20) 

IS total in WH. in view of Theorem IA.2.31 the wave operator can be defined on a 
dense set in T{li\'^'^) extending by linearity the following relation 

T^+(a*(P[^]^i(/i)17) . . . a*{P^^^An{fn)^)n) = s - ^lim^ ^i(/i,t) • . . ^„(/„,T)f^, (A.3.21) 

where A and / satisfy the conditions stated in (IA.3.20p . Due to Theorem IA.3.41 
preserves norms, thus it extends to an isometry from Tili}^"^) to Ti. The wave operator 
W~ is constructed analogously, making use of the incoming states, and the scattering 
matrix S : r(7iH) ^ r(WH) is given by 5 = {W+)*W- . 

A. 4 Conclusion 

We have constructed a scattering theory of massive particles without the lower and upper 
mass gap assumptions. The Lorentz covariance of the construction can be verified by 
application of standard arguments [Arj . Including fermions would cause no additional 
difficulty, as the fermionic creation operators are bounded uniformly in time |Bu75j . 
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The only remaining restriction is the regularity assumption A' . We note that it was 
used only to establish the existence of scattering states - the construction of the Fock 
structure was independent of this property. Moreover, we would like to point out that it 
does not seem possible to derive it from general postulates. In fact, let us consider the 
generalized free field <j) with the commutator fixed by the measure a: 

mx),^{y)] = I da{X)Ax{x - y), (A.4.1) 

where A\ is the commutator function of the free field of mass ^/X. Suppose that the 
measure a contains a discrete mass m and in its neighborhood is defined by the func- 
tion F{X) = l/ln|A - m^\. Then it is easy to find polynomials in the fields smeared 
with Schwartz class functions which violate the bound from Condition A' . However, the 
existence of scattering states, constructed with the help of such polynomials, can eas- 
ily be verified using the properties of generalized free fields. These observations indicate 
that Condition A' is only of technical nature. To relax it one should probably look for a 
construction of asymptotic states which avoids Cook's method - perhaps similarly to the 
scattering theory of massless particles |Bu75t IBu77] . 
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Scalar Free Field Theory and its 
Phase Space Structure 

In this appendix we collect some known results on the phase space structure of scalar free 
field theory in a slightly modified form, suitable for our purposes. They provide a basis 
for the proofs that the new Conditions L^'^\ L^^\ -^ti introduced in the main body 

of this work, hold in the model of scalar, non-interacting particles. These arguments are 
given in the subsequent appendices. For Conditions L^^'^ and only the massive case will 
be considered. 

Verification of phase space conditions in models is an integral part of phase space 
analysis in QFT as it proves consistency of the introduced criteria with the basic postulates 
of quantum field theory. This issue was treated already in the seminal paper of Haag 
and Swieca |HS65j . who verified their compactness condition in massive scalar free field 
theory. Serious technical improvements, including the reduction of the problem to a single- 
particle question, appeared in the work of Buchholz and Wichmann [ BWi86j . who noted 
the importance of nuclearity. The massless case was included for the first time in |BJa87] . 
Conditions Cfj and N^, stated in Sections 13.11 and 13.51 respectively, were first verified 
in |BP90] . A particularly flexible and explicit formulation of the subject was given by 
Bostelmann in [BosOO] and our presentation relies primarily on this work. 

The goal is to construct an expansion of the map Qe '■ 2l(0(r)) B{TC), given by 
QEi-A) = PeAPe, into rank-one mappings. More precisely, we are looking for functionals 
Ti G %{0{r))* and operators Si G B{n), i G N, s.t. 

Qe{A) = n{A)S,, A G 2l(0(r)), (B.0.1) 

i 

Y\\Ti\\P \\Si\\P <oo, 0<p<l. (B.0.2) 

i 

Thus, in view of Lemma [3.5.H we corroborate the well known fact that Condition holds 
in scalar free fleld theory |BP90] . Moreover, we establish properties of the functionals 
{tj}^ and {S'i}^ which will be needed to verify the new conditions introduced in this 
Thesis. 

This appendix is organized as follows: In Section IB. II we explain our multiindex no- 
tation. Section IB. 21 introduces scalar free field theory, its even part and its sub-theory 
generated by derivatives of the field. In Section IB. 31 we construct the functionals {tj}^ 
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and estimate their norms. Apart from the material familiar from Section 7.2.B of [BosOO] . 
we establish certain energy bounds on these functionals which we need to verify Condi- 
tion L^^\ In Section [B3] two expansions of the single-particle wavefunctions are developed, 
following Sections 7.2.2 and 7.2.3 of [BosOO] . They give rise to an expansion of the map 
Qe into rank-one mappings, which we introduce in Section lB.5i It is a variant of the 
'mixed expansion' from Section 7.2.6 of [BosOO]. In order to avoid the unduly complicated 
infrared structure and phase space properties of low dimensional massless models, in this 
appendix we adopt the following: 

Standing assumption: Unless stated otherwise, all statements concerning scalar free 
field theory hold either for m > and s > 1 or m = and s > 3. 

B.l Multiindex Notation 

A multiindex is a sequence /i = {^(^)}i° of elements from No s.t. only a finite number of 
components is different from zero. Addition of multiindices is performed component- wise. 
The length of a multiindex is given by 

IH = 5^M^). (B.l.l) 

i 

The factorial of a multiindex is defined as //! = niA*(^)" Given a sequence a = {aj}^, 
valued in any set with multiplication, its multiindex power is defined as 

a'^ = J]af('\ (B.1.2) 

i 

It is convenient to extend the above conventions to pairs of multiindices fl = {fi'^,fj,~): 
The length of such 2-multiindex is given by [fll = -|- |^~| and the factorial is defined 
as Jll = /i"'"!/U~!. Given any sequence of pairs b = {bf ,b^}^ , we define the 2-multiindex 
power of b as follows 

bP = {b+Y^ (b-)'"' . (B.1.3) 

Finally, an n-index k is a multiindex s.t. K{i) = for i > n. All the above conventions 
extend naturally to n-indices. 

We recall that for any sequence of complex numbers and A; E N there holds the 
multinomial formula 

[±t,f= J2 M^^ (B.1.4) 

i=i Ai,lMl=fe 

where the sum on the r.h.s. extends over all n-indices of length k. Assuming that the 
sequence is absolutely summable, we can take the limit n — > oo, obtaining on the 

r.h.s. the sum over all multiindices fi of length k. 

B.2 Scalar Free Field Theory and Related Models 

In this section we recall from Section X.7 of |RS2j some basic properties of scalar free field 
theory of mass m > in s space dimensions. The single-particle space of this theory is 
(M** , d^^p) . On this space there act the multiplication operators Lo{p) = ypp + n? and 
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pi, . . . ,Ps which arc self-adjoint on a suitable dense domain. The unitary representation 
of the Poincare group P| 3 {x,A) —>■ Ui{x,A), acting on the single-particle space, is given 

by 

{U,{x,A)f){p) = e^(-(^> -P^^f{A-^p), f e L\R',d'p), (B.2.1) 

where A~^p is the spatial part of the four- vector A~^{uj{p),p). The full Hilbert space H of 
the theory is the symmetric Fock space over L^(M*, d^p). By the method of second quan- 
tization we obtain the unitary representation of the Poincare group U{x,A) = T{Ui{x,A)) 
which implements the corresponding family of automorphisms acting on B{7i) 

«(.,A)(-) = ?^(^,A) • U{x,Ay. (B.2.2) 

The Hamiltonian H = dT{ijj), and the momentum operators Pi = dr{pi), i = 1, 2, . . . , s 
are defined on a suitable domain in TC. The joint spectrum of this family of commuting, 
self adjoint operators is contained in the closed forward light cone. 

The elements of H have the form = {^n}'^=o, where is an n-particle vector. 
We denote by Dp the dense subspace of finite particle vectors, consisting of such ^ that 

7^ only for finitely many n. On this subspace we define the annihilation operator 
a(/), / G L'^{W,d^p), given by the formula 

(a(/)*)„(pi, ...,pn) = V^iTl J d'pfip)^n+iip,Pi, ■■■,Pn) (B.2.3) 

and its adjoint a*{f). With the help of these operators we construct the (time zero) 
canonical fields and momenta for any g G S{W) 

M9) = ■^{a*{u-'2~g) + a{u;-^§)), (B.2.4) 

= ■^{a*iiu;k) + a{iu;-2§)). (B.2.5) 

The algebra 2t(C'(r)) of observables localized in the double cone 0{r), whose base is the 
s-dimensional ball Or of radius r, is given by 

2l(C»(r)) = { e^^'^+(-^+)+^^<^-(-^") I F± G D{Or)R }", (B.2.6) 

where D{Or)M. is the space of real- valued test functions supported in this ball. Let us 
mention an equivalent definition of the local algebra which is more convenient for some 
purposes: We define the following (non-closed) subspaces in L'^{W,d^p) 

tf =uj^^D{Or), (B.2.7) 

where tilde denotes Fourier transform. We denote by J the complex conjugation in con- 
figuration space and set 

tr = {l + J)C+ + (1 - J)C-. (B.2.8) 
Then every f & Cj. has the form f = + if~, where 

/± = a;T5F±, (B.2.9) 

for some G D{Or)ti. For any f e Cr we define the Wcyl operator 

^r^J^^ ._ ^i{a*if)+a{f)) ^ ^iV24>+{F+)+iV24>-{F-) _ (B.2.10) 
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In view of the second equality and definition (|B.2.6P there holds 

2t(0(r)) = {TF(/)|/ ££,}". (B.2.11) 

With the help of the translation automorphisms a^, introduced above, we define local 
algebras attached to double cones centered at any point x of spacetime 

^{0{r) + x) = a^{^{0{r))). (B.2.12) 

Now for any open, bounded region O we set 

^(^)=( U 2l(0(r)+x)') , (B.2.13) 

\ r,x ' 
C'(r)+a:CO 

obtaining the local net 21. The global algebra, denoted by the same symbol, is the C*- 
inductive limit of all such local algebras. It is well known that the triple (21, a, H) satisfies 
the postulates 1-5 from Section [TTBl [RS2J. 

We can immediately construct two related theories: First, we define the local algebra 
generated by the derivatives of the free field 

21(^1) (0(r)) = { e*v^<^+&i^-.^/)+^^<^-(^-) I F+,F- G Z)(a)R, J G {1, . . . ,s} }", 

(B.2.14) 

which is clearly a subalgebra of 2l(0(r)). In the massive case one can show that 
2t(d)(c)(^)) = 2l(C'(r)) making use of the equation of motion. In the massless case, how- 
ever, the inclusion is proper. The global C*-algebra, constructed as in the case of the 
full theory, is denoted by 21 '^'^^ and the theory (21^*^^ , a, li.) satisfies the postulates from 
Section II. 6[ 

The second example is the even part of scalar free field theory. Here the local algebra, 
attached to the double cone 0{r\ is given by 

2l(<=)(0(r)) = {cos(^/2(/.+ (F+) + V2(/>_(F-))|F+,F- e Z)(a)M}". (B.2.15) 

The corresponding local net 21*-'''' , constructed as above, gives rise to the theory (21^^), a, 
which satisfies all the postulates from Section 11.61 except for irreducibility. In order to 
ensure this latter property, we represent the algebra 21^*^^ on the subspace H^^^ in Ji spanned 
by vectors with even particle numbers. We define ^j.^*^^ = 2l(^)|^(c), fZ^(x, A) = C7(x, A)|.^(c) 
and a(a;,A)(') = ]L{.^^^ ' ]L{.x^^~^- The resulting theory (^l^'^^ a, W^'^^) satisfies all the 
general postulates. 

For future convenience we discuss the relation between the theory (21^*^-', a, W), acting 
on the full Fock space, and the theory (^""^ ,a,'}&^) acting on First, we define the 

C* -representation 7r(g) : 21*^*^) ^'^^ given by 

7r(c)(^) =^4 := Ag21(*'). (B.2.16) 

Due to the Reeh-Schlieder property of the vacuum and the fact that local operators are 
norm dense in 21 we obtain that vr^gj is a faithful representation. Thus there holds, by 
Proposition 2.3.3 of [BR] , 

ll^ll = Pll, Ae21("). (B.2.17) 
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Next, we note that the natural embedding Ti'^^^ ^ TC induces the embedding of the 
preduals t(e) : T^^^ ^ T, where T^*^^ = B{7i^'^^)^:. There clearly holds 

.(e)M(^) = ip{A), A e 2l(<'),^ G r(^), (B.2.18) 

and it is easy to see that t(g) is an isometry: The absolute value of any ip E T^^^ can 

be expressed as \(f\ = '^iPi\^i){^i\, where pi > and S TC^'^^ form an orthonormal 
system. Completing it to an orthonormal basis in we obtain 

ll^ll = = TY|.(e)(^)| = |k(e)M||. (B.2.19) 

Thus, making use of the fact that the embedding 7i^^^ ^ 7i preserves the energy of a 
vector, we obtain that 

.(e) : ^ Te,!, (B.2.20) 

what implies, together with relation ()B.2.18p . that ||:A||£;^2 ^ ||^||£;,2 for square-integrable 
operators A S 

Our next goal is to describe the field content of these theories. (Cf. Section [2.31 for a 
general discussion of this concept). For this purpose we introduce the domain Ds = { ^ G 
Dp I G 5'(IR*^"') } on which there acts the annihilation operator of the mode p G M** 



(a(p)^')„(pi, ...,pn) = Vn + mn+i{p,Pi, ■ ■ ■ ,Pn)- (B.2.21) 
Clearly, on Ds there holds the equality 

a{f) = J d'pKp)a{P). f G SiR^. (B.2.22) 

The adjoint a*{p) is only a quadratic form on Ds x Ds- The Hamiltonian can be expressed 
as a quadratic form on this domain by 

H = j d'puj{p)a*{p)a{p). (B.2.23) 

Similarly, we define the pointlike localized canonical fields and momenta as quadratic forms 
on Ds X Ds 



This terminology is justified by the fact that on this domain there holds for any g G ^(M*) 

Mg) = J d'x(t>±{x)g{x). (B.2.26) 

Moreover, for any s-index k, (see Section [B.ll for our multiindex notation), we define the 
derivatives (9'^(/>± := d'^ 4)±{x)\g=Q and the corresponding Wick monomials 

■.d''^ <j)+... 8"^+ (p^d""^ (P d^'k- (/._ : (B.2.27) 
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which are also quadratic forms on Ds x Ds- The Wick powers are defined by the standard 
prescription consisting in shifting all the creation operators to the left disregarding the 
commutator^. 

It is a well known fact (see e.g. |BosOOj ) that the Wick monomials can be extended by 
continuity to bounded functionals on 7^ and the field content of scalar free field theory 
is given by 

$FH = Span{ </)+ . . . . . . 5"^"- : | ^c^t G Ng, j± G {1, . . . , 

e No}(B.2.28) 

i.e. it consists of finite linear combinations of the Wick monomials. Furthermore, it can be 
extracted from Section 7.4.2. of [BosOOj that the field content of the sub-theory (St^*^) , a, Ti) 
generated by derivatives of the field has the form 

$gi = Span{ : 5''^ 0+ . . . d<+ <P+d^^ cj). . . . d'''^~ cj)_ : | k±± G Ng, j± G {1, • • • , k^}, 

k^ G No,|k++| > 0}. (B.2.29) 

(As mentioned above, in the massive case one can show that = $fH) making use 
of the equation of motion. In the massless case, however, is a proper subspace of 
$fh)- Finally, the even part {^^^\ a,Tl^°^) of scalar free field theory has the following field 
content 

<^^l = Span{ ■.d^U+...d<+<P+d^^<P^...d''^-<P-: \ ac± g Ng, j± G {1, . . . , k^}, 

k^ G No, k+ + k~ is even }, (B.2.30) 

where the underlining indicates that the Wick monomials act on the Hilbert space 

To close the present section, we show that Condition T, stated in Section [2.31 holds in 
massive scalar free field theory and its even part. 

Theorem B.2.1. Massive scalar free field theory and its even part satisfy Condition T 
for any dimension of space s > 1 . 

Proof. First, we consider the full massive scalar free field theory. The (0, 0)-component 
of the stress-energy tensor T^^ G 'I'fh is given by 

= \ ■.ct>l:+\j2:{d,4>^?:+\m^ :<AI: ■ (B.2.31) 

The standard computation, which makes use of representation (|B.2.23P of the Hamiltonian, 
gives for <I> G Ds 

j fi"x(^|r°°(f)$) = {^H^). (B.2.32) 

Certainly, equality (|B.2.32p still holds if T^^ is replaced with T^^(g), where the time- 
smearing function g is specified in Condition T. It is shown in Appendix [D] that massive 
scalar free field theory satisfies Condition L^^^ which ensures that ||T'^''((7)||£;^i < oo. (See 

'^We warn the reader that the Wick ordering is not Unear on the algebra of (smeared) creation and 
annihilation operators. 
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relation (j2.3.15p ). Due to this bound and the fact that Ds H Pe'H is dense in PeT~(-, we 
obtain for any ^, $ G Pe'H 

J d'a;(^|r°°(5)(x)$) = (B.2.33) 

Making use of the fact that any functional € Te is of the form (/?(•) = " 
where G PeH and J2j II II II II < |BRj . we conclude the proof for the full 

theory. The even part is treated analogously, exploiting the fact that T^^ is an element of 
and restricting attention to <1> G 7i^'^\ □ 



B.3 Special Functionals on Local Algebra 

In this section we construct suitable functionals on the local algebra ^{(D{r)), estimate 
their norms and establish certain energy bounds. For this last purpose we introduce the 
Sobolev spaces |RS2] given, for any / > 0, by 

L^{W,d'x)i = {feL\W,d'x) \ I d'p{l + \p\y\f{p)\' <^}. (B.3.1) 

These spaces are equipped with the norm 

\\f\\2,i = {Jd^p{i + \p\'y\mf)i (B.3.2) 

Clearly, || • ||2,o = II ' lb- The goal of this section is to prove the following proposition 
which is a slight generalization of Lemmas 7.8 and 7.9 of [ BosOO] . 

Proposition B.3.1. Let I > and {bf}'i', be two sequences of J -invariant vectors 

from L'^{W ,d^x)i. Let be two multiindices, G and f = +if^. Then 

there exists a normal functional cr^+^^~ on B{TC) s.t. 

'y^.+ ,^-{W{f)) = e-5ll/lli(6+|/+)/^+(6-|/-)'^-, (B.3.3) 
\\R-'a^+^^-R~% < (2q)I^^I+I'^~I^/G^I^TL^||6+||^;||6-||^;, (B.3.4) 

where R = {I + H)-^ , ci = (12 + 2m^)^l'^ , and m is the mass of the theory. Moreover, if 
bf = b^ for any i G N and {bf}'i' form an orthonormal system of vectors in L^(R^, d^x), 
then there holds 

< 4l'^+l+l'^'iy;^IT!— T. (B.3.5) 

For the proof of this proposition we need two simple lemmas. First, we introduce energy 
damping operators which are more convenient than the resolvents R considered above. 

Lemma B.3.2. Let I > and Gi = f d^'p log(2 + uj{p)y a*{p)a{p). Then there holds 

||i?-'e~'^'|| < 1. (B.3.6) 
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Proof. Let n > I and be an n-particle (Schwartz-class) wavefunction. Then there 
holds 



J (2 + uJim^^^ . . . (2 + Loiv^') 



{2 + oj{pi)Y ...{2 + 0j{pn)) 
< ll*nf, (B.3.7) 

where we made use of the fact that R~^e~'^^ is a positive operator and that (x+y) < xy for 
any x > 2, y > 2. We can thus drop the restriction that is a Schwartz-class function. 
Now making use of the fact that any vector ^ in the Fock space can be expressed as 
* = Zl^o^"' where = cil. for some c G C and = J2'^=o \\^n\\ < oo, we obtain 

from (IFXTj) 

{^{R-^e-^'"^) < W^f, (B.3.8) 

what concludes the proof. □ 

Next, we recall the elementary combinatorial Lemma 7.6 of |BosOO| which gives useful 
bounds on the lengths of certain vectors in the Fock space. 

Lemma B.3.3. For any family of vectors 6i . . . 6„ G d^x) there holds 

\\aibi)...aibk)a*{bk+i)...a*{bn)n\\ < V^.\\bi\\ . . . \\bn\\. (B.3.9) 

Moreover, if {bi}^^ form an orthonormal system of vectors in L^(IR'*, d'^x) and a, 13 are 
multiindices, then there holds 



\\a{e)'^a*{ef9.\\ < ^J{a + (3)\. (B.3.10) 

After this preparation we are in position to prove the main result of this section. 
Proof of Proposition IB. 3. 11 This is a slight generalization of the argument from 
Appendix 4.2.B of [BosOOj . Consider the generating functional 

F{u,w){A) = (J7|e^''(^^^''-^^")e^''*(^^^^-^^")Ae-5«*(*^i^+-^i^^")r?), (B.3.11) 

where ^ is a bounded operator on the Fock space and u = {lij}^, w_ = {wi}'^ are 
sequences of real numbers with only finite number of entries different from zero. We 
denote ub ^ = Uibf , wb ^ = Y^.- w-ib^ and define the exponentials above by their Taylor 
series expansions which converge in view of Lemma IB. 3. 31 In particular, for A = W{f) 
we obtain 

Fiu,w){W{f)) = e-5ll/l!ie^<^+l/+)+2i^(ri/->. (b.3.12) 
Differentiating the above formula, we obtain 

dtdi:;ku,n,)=mF{u,w){W{f)) = e-ill^lli(&+|/+)^^n/-)'^-. (B.3.13) 
Therefore, we can define 

•= dtd^~\iu,u,)=mnii,m.){A). (B.3.14) 
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From this definition and formula ()B.3.1ip we obtain 



a^\a'+\a"+\ a-\a'-\a"- 

"+ 



(0|a(6+)"^a(r)" a*(6+)°'^a*(6")°' Aa*(6+)""^a*(6-)"" f7) 
-I \ l^f+l+lM^I —I 

' a+a'+'a"=Ji 

■ {Q\a{bfa*{bfAa*{bf"n). (B.3.15) 

Here a = (a+,a") etc. are 2-multiindices. Since the operator Gi, introduced in 
LemmaEXH satisfies ||i?-'e-^'|| < 1 and e'^'a*(6)e~^' = a*((2 + a;)'6), there holds 

sup \{n\a{bfa*{bfR-^AR-^a*{bf"n)\ 
A£Bin)i 

< sup \{n\a{{2 + uj)~^bfa*{{2 + ujybfAa*{{2 + ujybf'n)\ 
A(^B(H)i 

< cl'^"W'^-|V(|/x+| + |M-|)!||fe+||^;i|6-||£, (B.3.16) 

where in the last step we made use of estimate (IB.3.9P and q is defined in the statement of 
the proposition. It follows from this relation and formula (|B.3.15P that R^^a^+^^-R^^ is a 
bounded functional. Making use of relation (IB.3.15P and exploiting the following formula, 
valid for any n G N 

n! 
a\a'\a"\ 



T. = (B.3.17) 

a,a',a"eNo 
a+a' +a" =n 

we prove estimate ()B.3.4p from the statement of the proposition. In order to verify rela- 
tion ()B.3.5p . suppose that bf = b~ for i G N and form an orthogonal system. Then 
estimate ()B.3.10p gives 

sup \{^\a{bfa*{bfAa*{bf'n)\ < + < 2\^'*\+\^''\ ^/ (B.3.18) 

AgB{W)i 

Substituting this bound to formula (|B.3.15P and making use again of identity ()B.3.17p . 
we conclude the proof of the proposition. □ 



B.4 Expansions in Single-Particle Space 

In this section we derive two expansions of the functions E D{Or) which enter into 
definition ()B.2.6P of the local algebra. The first expansion relies on the fact that are 
analytic functions and thus can be expanded into convergent Taylor series. The coefficients 
of these expansions are given in terms of vectors {b^. defined by (jB.4.ip below. We 
show in Lemma lB.4.31 stated below, that these vectors have finite Sobolev norms. Thus 
the corresponding functionals ct^+ , constructed in Lemma IB. 3. 11 satisfy the energy 
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bounds ()B.3.4p . Due to the rapid growth with l/i+l + this estimate does not suffice 
to establish convergence of the sum ()B.0.2p in the massless case. In order to exploit the 
more tame estimate (|B.3.5p . in the second part of this section we construct a suitable 
orthonormal basis expansion. 



B.4.1 Taylor Expansion 

We introduce approximate characteristic function p Xsip) S Cq°(]R'') which is equal to 
one on the set G M** | \oj{'p)\ < E} and x — > x{'^r){x) e C(j"(R'*) which is equal to one 
on the ball Or, and define, for any s-index k, functions from L'^{Mf,d^p) 

- = 1 ^^(pH^paM. (B,4.i) 

(27r)2 k\ 
Ke^P) = {-l)^Mp)^k^PrXEip). (B.4.2) 

We recall that G have the form = uj^^F^, where € D{Or)m, set F^ := 
XeF^ and note that the functions F^ are analytic. From their Taylor expansions we 
obtain [BosOn] 



K j=l 



where in the second step we numbered the s-indices k with some index j S N in such a 
way that ki = 0. There holds the following proposition. 

Proposition B.4.1. WosOOij Expansion {B.4-3) converges in 

This statement follows from estimate ()B.4.17p below which relies on the bounds on the 
norms of functions ()B.4.ip and ()B.4.2p . established in Lemmas IB. 4. 31 and IB.4.41 respec- 
tively. Actually, we derive here more general estimates on the Sobolev norms of these 
functions, (see definition ()B.3.2p ). which are needed in Lemma [B . 3 . 1 1 ab ove . First, we note 
the following auxiliary fact. 

Lemma B.4.2. Let x £ C(j"(]R*). Then, for any s-index k, i £ {1, . . . , s} and n G N, 

there holds 

I d^x\d:^{x-x{x))\'<{cnP^' (B.4.4) 
for some constant Cn, independent of k. 

Proof. We note the following identity which follows from the Leibniz rule 

min{n,K(i)) ^ 

a^.(x'^x)(^) = x'' E . ""^.M. A M, ^r^'^"'^r'x(^). (B.4.5) 
where the s-index k is obtained from At by setting k(i) = 0. There easily follows the bound 
/ d^xld^^ix'^xmi' < 2"(cn)l''l / rf^x(X; \dU(^)\f, (B.4.6) 

k=0 

for some constant c„, independent of k. □ 

Now we are ready to prove the required bounds on the Sobolev norms of b^. 
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Lemma B.4.3. For any I > the functions h^^, defined by \B.4-1^ , satisfy the hound 



\2,l 



(B.4.7) 



where the constant ci^r, is independent of k. 

Proof. First, we note that Hfe^jrlb,/ < (1 + 'n')^''^||&K,rll2 /+i ' ^° suffices to consider the 
(— ) case. Clearly / \\b'^r\\2,i is a monotonically increasing function, so it is enough to 
establish the bound for / = n + ^, n G N. We consider the expression 

||a;-|x'^,)ll2,„+i = {x^r)\co{p}-Hl + |pf )"+U'5(a)) 

<cJ||u;-^x^,)||2 + (x'^,)|(^|pi|2")x^,))V (B.4.8) 

where on the r.h.s. above we mean the scalar product in L'^ (M^ , d^p^ and the constant Cn 
depends only on n and s. In order to study the first term on the r.h.s. above, we write 
a;~2 = (a;~2)_^ + (l(J~2)_, where (cj" 2 = Lo{p)~2 9(^±[\p\ — 1)). There clearly holds 

||(^-^) + X'5(a)||2 < \\x^XiOr)\\2 < liCrt^^\ (B.4.9) 
\\iLO-"2)_X^r)\\2 < \\x^r)\U\{u^-"^)-\\2 < ^(c.)l''l + \ (B.4.10) 

for some constant Cr > 0, independent of k, and therefore 

\\lO~^ X^^r)\\2 < (Cr)l''l+^ (B.4.11) 

Next, we study the second term on the r.h.s. of ()B.4.8p . Making use of Lemma IB. 4. 21 we 
obtain 

(x^,)||k|2"x^,)) = I d'x\d:^{x^x{Or)){x)\' < {Cn,rP+\ (B.4.12) 

where the constant c„ r does not depend on k. This concludes the proof of the lemma. □ 



While the above result holds for any m > 0, in the next statement, concerning the Sobolev 
norms of the 
massless case. 



norms of the functions h/^ ^, we have to make a distinction between the massive and 



Lemma B.4.4. In massive scalar free field theory for s > 1 the functions h^ ^, defined 
by relation satisfy, for any A > 0, /? G E, 

\\io-''h^j2,x < {cx,(s,Ep+\ (B.4.13) 

where the constants cx^p^E O'f^ independent of k. In massless scalar free field theory for 
s > 3 the bound {B.4-13) holds (in particular) in the following two cases: 

(a) For any /3 < 1 and A = 0. 

(b) For /3 = and any A > 0. (The it signs are correlated with these appearing in 
formula \B.4.13\) ). 
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to 



Proof. We define := ^^^^Xe{p)- Then 

{u^-^h%^m = {-lt\^prx^{p)■ (B.4.14) 

We first consider the case m = 0. Then the functions are square-integrable for (5 < 1 
and there holds for some constant c^;, independent of k, 

\\i^-''h%Eh<<^^E\\x%h. (B.4.15) 

what proves part (a) and part (b) for A = 0. For m > inequality ()B.4.15p holds for any 
/3 G M. 

In the massive case and the case considered in part (b), p Xe{p) are smooth, 
compactly supported functions. It suffices to take into account A G N, since the functions 
A — > ||c(;~^/i^^||2,A are monotonically increasing. By Holder's inequality applied to the 
term (1 + Ifp)-^, identity ()B.4.14p . Lemma ()B.4.2p and relation ()B.4.15p there holds the 
following bound 

where the constant c\^i3^e is independent of k. □ 

From Lemmas IB. 4. 31 and IB. 4. 41 we obtain the bound for any combination of it-signs any 
0</3<landO<iJ<l 

Thus we have proven Proposition IB.4.T1 
B.4.2 Orthonormal Basis Expansion 

Let be a projection on the single-particle space onto states of energy lower than E. Let 
hr G D{Or)R be s.t. hr > 0. We introduce the closed, linear subspaces £^ = [uj^2D(^Or)] 
in L^(R*,(i*p) and denote the respective projections by the same symbol. We choose 
^ < 7 < and define operators Te,± = u>~2QeC^, T/j -t = uj^'^hy^ C^, where hr is the 
corresponding multiplication operator in momentum space. We recall, that the p-norm 
of an operator A is given, for any p > 0, by = where || • ||i denotes the 

trace norm. By a slight modification of Lemma 3.5 from |BP90j . one obtains the following 
result: 

Lemma B.4.5. For any p > the operators Te^± and Th^± are p-nuclear i.e. there holds 

\\Te,±\\p < oo, (B.4.18) 
\\Th,±\\p < oo. (B.4.19) 

Proof. In order to show that the operators Th^± are p-nuclear for any p > 0, it suffices 
to demonstrate that their adjoints _|_ are products of an arbitrary number of Hilbert- 
Schmidt operators. (The Hilbert-Schmidt property is preserved under the adjoint opera- 
tion due to the cyclicity of the trace). We set, as in |BP90j . for i G N 

hi = u;(l+u;2)(i-i)s^(0^)(i^^2)-is^-i (B.4.20) 

ki = {l+u;^f-^>xiOr)il+u;^y- (B.4.21) 
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These operators, and also lo ^hi, oj afci, are in the Hilbert-Schmidt class |BP90] . For 
any n € N there hold the identities 

r^*+ = £+Lj-Ui.../i„u;-T+5(l+u;2)ns^i/2^ (B.4.22) 
r^*_ = C;uj-hi...knUj~^+^l+uj^)'''h^/\ (B.4.23) 

so it suffices to check that hnUJ~"'^2 and knUJ~^~^^ are Hilbert-Schmidt. Since the Hilbert- 
Schmidt norm || • ||hs of an operator is equal to the L^-norm of its integral kernel, we 
obtain 

^ ^ (B.4.24) 



(l + a;(g)2)2ns^(^27+l 

Making use of the following two identities (see eq. formula (7.2.109) of }BosOO| for the 
proof of the first statement) 



2 



l±^<(|p-g1 + l)^ (B.4.25) 
ivip)^ < 2{u:{p- q)^ + u:{q)''), (B.4.26) 



we arrive at the bound 



-7+^||2 



HS 



< 2(2.)-/ d^pd^q ^ m + if'-'''\^m? 

+ 2(2.)- I d^pd^q ^ ^[^2,^i ^iP)"i\P\ + (B.4.27) 

These integrals are clearly convergent for < 7 < The (simpler) case of knio~'^~^'2 is 
treated analogously. Finally, the p-nuclearity of the operators Te,± follows from the fact 
that Qshr^ is a bounded operator and there holds Te,± = {QEhr^)'^h,± for 7 = ^. □ 

We define the operator T as follows 

T = {\Te,+ \^ + \Te,-\'' + \Th,+\^ + \Th,^\^)'2. (B.4.28) 

Making use of the fact [Ko84j that for any < p < 1 and any pair of positive operators 
A, B s.t. AP, BP are trace-class, there holds ||(^ + BY\\i < \\AP\\i + \\BP\\i, we get 

mil < \\TE,+rp + \\TE,-r, + m,+rp + (B.4.29) 

Since T commutes with the operator J of complex conjugation in configuration space, it 
has a J-invariant orthonormal basis of eigenvectors {ej}"^ and we denote the corresponding 
eigenvalues by {tj}^. As we will see in the next section, the expansion 

00 

QeJ^ = Y,i^j\f^)QECtej, (B.4.30) 
i=i 

valid for any G has the required convergence properties. 
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B.5 Expansion of G^; into Rank-One Mappings 

In this section we will decompose the map Qe ■ 2t(0(r)) — > B{TL), given by = 
PeAPe, as follows 

eE{A) = eE,i{A) + eEAA) + eE,2{A), a g 21(0). (B.5.1) 

A V 

Here @e,i is a finite rank map, the part QE,iiA) collects the terms involving high deriva- 
tives of the field and QE,2iA) contains the contributions to A coming from high Wick 
powers. In order to construct such a decomposition, we evaluate the map 0^; on a Weyl 
operator W{f), f Cr, given by definition (|B.2.10p . We obtain the following expansion 
valid in the sense of quadratic forms on Dp x Dp- 

= e-m\^ ^-^§^PE-.MF^r^-iF~r-.PEm.2) 

k+,k-eNo 

where = lo^'^F^. Now we introduce natural numbers K^, and the set of indices 
S = {{k'^ ,k~) G Ng I /c'*' < and fc^ < K^^. We decompose the above sum into two 
parts 

QE{W{f)) = QEAW{f)) + @E,2{W{f)), 

QE,i{W{f)) = e-WWl ^ PE:MF^r<P^iF-r:PE, (B.5.3) 

k+,k-&S 

eE,2{W{f)) = e-^ll/ll^ Yl ^'^Sk~l ■.<t^+{F^f^<t^-{F- f~ : Pe, (B.5.4) 

k+,k-eS' 

where 5' is the complement of S and Qe,i^ Qe,2 are understood as linear maps from the 
*-algebra 2t(C'(r)) of finite linear combinations of the Weyl operators, given by 

2l(0(r)) = Span{I^(/)|/G A} (B.5.5) 

to quadratic forms on Dp x Dp. In the sequel we will show that Qe.i and Qe,2 have 
range in B{7i). Moreover, we will extend their domain, by continuity, to the whole local 
algebra 2l(C'(r)). For this purpose we will use the expansions of the functions S Cf- 
introduced in Section [B.4i 

B.5.1 Expansion of Qp^i 

First, recalling that := xeF^ and exploiting the Wick ordering we obtain 

Pe ■.<P+{F^)''''<P-{F-f' ■.Pe = Pe -.MF+f^ ^-{F^)^~ : Pe- (B.5.6) 

With the help of the multinomial formula ()B.1.4p and expansion ()B.4.3P we get the fol- 
lowing identity 

PE:<P+{F+f^<P-{F^r:PE 

^ — > M -I- — 4- — 

= E ' I, - ' Kr\f^r {Kr\rr Pe -.{d^^r^id^^r- ■. pe, (b.s.?) 

|a±|=fe± 
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where are multiindices and we introduced the short-hand notation 

oo 

{d^±r^ = ll{d^^(t>±r^^^\ (B.5.8) 

i=i 

which refers to the numbering of the s-indices k, introduced in formula (|B.4.3p . Iden- 
tity ()B.5.7p rehes on the fact that the vectors 6^,, and are real in configuration space 
and exploits the relation 

= PE:[dct>+r\d(t>-r- -.Pe. (B.5.9) 
Substituting expansion ()B.5.7p to ()B.5.3p . we obtain 



{\a+\,\a-\)&S 

■ Pe :{dct>+r^{dct>-r~ : Pe- (B.5.10) 

Next, we choose some finite subset ^A of the set of all pairs of multiindices and decompose 
the map Qe,i as follows 

^E,i{W{f)) = QE,i{W{f)) + QE,i{W{f)), (B.5.11) 

{a+,a-)&M 
(|a+|,|a-|)e5 



• Pi, : (9(/.+ r^50_r^ : Ps, (B.5.12) 



QEAw{f)) = e-iii/iii Y ^"^^VT^ Kr\f^r" r.Arr 

(|a+|,|a-|)e5 

■Pe :(9(/>+)"^(5(/<_)°": Pi,.(B.5.13) 

The above expressions can be restated in terms of suitable normal functionals on B(TC). 
We denote by a^l ^_ the functionals from Lemma lB.3.11 corresponding to the families of 

vectors {6^^. Next, we define the normal functionals q,- on B{7{) given by 

Making use of formula ()B.5.12p . we can write 

eEAA)= r^l,aAA)PE:{dc^+r^{d(^-r-:PE, (B.5.15) 
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where A £ ^{0{r)) is any finite linear combination of Weyl operators. The Wick 
monomials : {d(j)-f-)°'^ (dip^)'^ : belong to the field content of the theory (See defini- 
tion (|2.3.1U|) and relation (jB.2.28p ). hence they are elements of 7^. It follows that 

\\Pe '■ (dip^)"' {d(j)-)°' : Pe\\ < oo, thus @e,i is a finite rank map from 2l(C'(r)) to 

B(7{). Since the functionals ^- are normal, @e,i extends to a finite rank map from 
2l(C(r)) to B{n). 

V 

In order to simplify the expression of the map @e,i, we note that for any two families 
of functions {Fj^jjgN, {-Pj^ljeN from ^(M^)]^ and for any pair of multiindices {a~^,a~) 
there holds the identity 

^ .u .u . 

where = lu^^ and the equality holds in the sense of quadratic forms on De x De- 
Consequently, we obtain from (|B.5.10p 

.|^+| + |^+|+2|^-| 

V e-M{b^,r\f)^^-PEa*{K,Era{K,ErPE. (B.5.17) 

11,1/ 
ji+veM' 
(\f,+ \+\u+ 1,1,1- l+l-y-D&s 

v{r) V 

We introduce normal functionals Tjj^ and quadratic forms Sji^jj on De x De given by 

r'^, := (B^5.18) 

"s-pj, := PEa'(K,Efa(K_EfPE- (B.5.19) 
Now the expansion ()B.5.17p takes the form 

Qe,i{A)= J2 ^4k^)hv- (B.5.20) 

'p,V 
Jl+V^M' 
{|/.+|+|^+|,|/.-|+|,.-|)e5 

In order to study its convergence properties we collect several auxiliary results. From 
Proposition IB.3.T] we obtain the following lemma. 

Lemma B.5.1. For any I > 0, the functionals Tj^^, defined by IIB.5.18\) . satisfy the bound 

\\R-^t^;Ir'^\\ < (2Q)l^l+I^IV(l7l| + |l^|)!||6.,r||r> (B.5.21) 
where ci = (12 + 2m^)'/^, and m is the mass of the theory. 
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Next, to study the forms Sjij^, we recall the so-called energy bounds |BP90) : 

Lemma B.5.2. For any hi,...,hn G in the domain of there holds the 

bound 

11 n 

\\a{uj2hi)...a{uj^hn)PE\\ < E2\\hi\\2 . . .\\hn\\2- (B.5.22) 

V 

Making use of the above result and Lemma IB. 4. 4 1 we obtain that the forms S-p^u, defined 
by (|B.5.19[) . are actually elements oi B{H) and satisfy the bound 

< (B.5.23) 
Now we are ready to prove convergence of expansion ()B.5.20|1 . 

Proposition B.5.3. [ BosOO^ Let S = {{k+,k~) G | /c+ < X+ and < R-} for some 
G Nq. Then, for any < p < 1, there holds 

E \\r%r\\hA'<^- (B.5.24) 

(|/.+ |+|i.+ |,|^-| + |:.-|)e5 

Proof. From estimates ()B.5.2ip . ()B.5.23P we obtain 

,(r) 



(\f,+ \ + \u+l\^-\ + \u~\)<^S 



< {2^^+^-^{K+ + K-yY (||&K,.||^||^-U.,i.||^)^+^.(B.5.25) 



\Ti\+\V\<K++K- 

The sum on the r.h.s. can be estimated as follows 



/ M%+Mj, 2 

77 77 \ U+—t\ ..+ ' 



k+=0 

\-jl\ + \u\<K++K- \,i+\=k+ 

M++M 



k-=0 PL 

\ll-\=k 



(B.5.26) 



Making use of the fact that the multinomial coefficients are larger or equal to one and of 
the multinomial formula ()B.1.4p . we get 

E i\Kr\\l W-^-'^KeWIY" < ( E KrWl \\-^-'^KEr2)'" (B.5.27) 

IM+I=fc+ 

and similarly for the sum w.r.t. The last expression is finite due to relation ()B.4.17p . 
□ 
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This proves uniform convergence of expansion (|B.5.17p . It follows that the map G^;^!, 
which was defined on the norm dense subalgebra 2l(C'(r)), can be extended to the full 
local algebra ^{0{r)). 

From definition ()B.5.19p we obtain that in massive scalar free field theory of mass 

m > there holds S'^^jj = for |7l| > Me or \v\ > Me, where Me = Thus, choosing 

V 

M = $ and K+ = = 2[Me\, we obtain that e^; = B^;,!. Hence Proposition EEl 
and Lemma 13.5.11 give the known fact |BP90t IBosOO] that Condition N'j^ holds in massive 
scalar free field theory. 



Proposition B.5.4. In massive scalar free field theory there holds the identity 

Jl,V 



Qe{A) = hv, A G 2l(0(r)), (B.5.28) 



in the sense of norm convergence in B{7i). Moreover, for any < p < 1 there holds the 
hound 

Ell4'iiril^7i,Fir<oo. (B.5.29) 

71,17 

However, the methods of the present subsection do not suffice to verify Condition A^jj in 
massless free field theory. This goal is accomplished in the next subsection. 

B.5.2 Expansion of Qe,2 

Our last task is to complete the construction of the map Qe,2- In subsection ()B.4.2p we 
introduced the p-nuclear positive operator T which has a J-invariant orthonormal basis 
of eigenvectors {ei}f°. We expand the functions G Cf in this basis 

oo 

= Y.^^3\f^)^j (B.5.30) 

and make use of the multinomial formula ()B.1.4p . obtaining the following equality valid 
on Df 

Using relation ()B.5.16p . we obtain from definition ()B.5.4p the following expansion, under- 
stood in the sense of quadratic forms on Df x Dp 

QE,2{W{f)) 

E =i=^ e-2\\fh{e\f)'^+-PEa*{Crera{CrerPE.{B.5.32) 

(|M+|+k+|£-|+k-|)e5' 

From the second part of Lemma IB. 3. II there follows the existence of normal functionals 
TjT^v on BiTL) which have the property 
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and satisfy the bound 

rjj,v < r -T-i < B.5.34 

(7I!I7!)2 V y (7I!I7!)2 

where we used properties of multinomial coefficients. Finally, we define the quadratic 
forms on Dp x Dp given by 

Sjz,v = PEa*{Crefa{CrefPE. (B.5.35) 

We note that a^CfeyPp = a{QECfeY Pp and uj^^Q^Cfci = Tp^±ei, where Tp^± are 
bounded operators by Lemma IB. 4. 51 Thus we obtain from the energy bounds ()B.5.22p 
and definition ()B.4.28P of the operator T 

\\Sjim\\ < E^-^^\\uj-^2QECre\Qio~^^QpCreE < E^-^^tPf, (B.5.36) 

where are eigenvalues of T. We have arrived at the following expansion, still in the 

sense of quadratic forms on Dp x Dp 

ep,2iA)= J2 Sji,j;, (B.5.37) 

valid for any A G 2t(C(r)) i.e. for any finite, linear combination of Weyl operators. Our 
task is to establish convergence of this sum in the norm topology of B{Tl) and extend this 
map by continuity to all A G 2t(C'(r)). It suffices to consider the case 5 = {0,0} when 
there holds 

ep{A) = u;o{A)Pe + QeM), A G 2l(0). (B.5.38) 

The following proposition verifies the known fact that Condition holds in scalar free 
field theory. 

Proposition B.5.5. IBP90\, [BosO(^ In massive and massless scalar free field theory there 
holds the identity 

Qe{A) = r^,T7(^)5M,^, A G 2t(0(r)), (B.5.39) 

in the sense of norm convergence in B{7i). Moreover, for any < p < 1 there holds the 
hound 

II^M.^II'' II^M,Fir < oo. (B.5.40) 
Proof. We note the following estimate 

|u__l|P||c IIP < .pji.pv 

|'25/2 1711/2 IIT-'II \p{m++m~+n++n~) 

< Yl ^ ^ ' (B-5.41) 
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where in the first step we used ()B.5.34p and ()B.5.36p . in the second step we made use of 
the fact that the multinomial coefficients are larger or equal to one and of the identity 

and similarly for the sums w.r.t. u^. □ 

Thus the map @e,2, given by (|B.5.37p . has range in B{TL) and extends by continuity to 
the whole local algebra 2l(0(r)). We denote the resulting map by the same symbol. 



Appendix C 



Verification of Condition L*^^) in 
Scalar Free Field Theory 

The goal of this appendix is to verify that Condition L^'^\ introduced in Section [2.21 holds 
in scalar free field theory. In the massive case this fact follows from Condition verified 
in Appendix ini and Theorem 12.3.11 Thus our main interest in the present appendix is in 
massless scalar free field theory, although some results will be stated for general m > to 
facilitate their application in other contexts. Our aim is to prove Theorems 12.2.51 12.2.61 
and 12.2.71 which are at the basis of our discussion in Subsection 12.2.31 

The proofs of the above three statements are given in Section IC.ll They rely on the 
the auxiliary Theorem IC.l.ll stated below, whose proof is the subject of the later part 
of this appendix. In Section IC.21 we define the functionals r^, k G {1,2,3}, on 21 and 
verify that they have the properties required in the statement of Theorem IC.l.ll We also 
show that the map R^'^\ defined in Theorem lC.l.ll can be expressed in terms of the maps 

V 

Qe,i and Qe,2, introduced in Appendix [Bj In Section rC.3l we show that the range of 
R^'^^ consists of square-integrable operators. The argument is divided into three parts: In 
Subsection IC.3.11 we prove a variant of Theorem 11.6.11 which is applicable to the present 
problem. In Subsections IC.3.21 and IC. 3^3) we apply this result to prove square- integrability 

V 

of the ranges of the maps Qe,i and Qe,2, respectively. 

C.l Proofs of Theorems 2.2.5, 2.2.6 and 2.2.7 based on The- 
orem C.1.1 

Our discussion in this section is based on the following theorem, whose proof is given in 
Sections EJ and [C31 

Theorem C.1.1. In massless scalar free field theory in s > 3 dimensional space there 
exist linear functionals Ti, r^, tj, on 21, invariant under translations in space, s.t. for any 
A G 21 the quantity 

i?(2)(^) ,= A- u;o{A)I - n{A)^+ - T2{A) -.^l : -n{A) -.cpl :, (C.1.1) 

defined as a quadratic form on the domain Db^Db of vectors of hounded energy, satisfies 
||i?(^^(^)||£;^2 < oo for any E > 0. Moreover, ujo,ti,T2,T3 form a linearly independent 
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family. In addition, there hold the following assertions: 

^(""^ C ker n n ker rs and T2\^(e) / 0, (C.1.2) 
%('^) C ker n n ker T2 n ker rg. (C.1.3) 

It is an immediate consequence of this theorem that the theory (St^*^-*, a, Ti), generated by 
derivatives of the massless scalar free field, satisfies Condition L^^^ and has trivial point- 
continuous subspace. In fact: 

Proof of Theorem I2.2.7t The statement follows directly from relations (IC.l.Sp and 
([CTB . □ 

Let us now consider the full massless scalar free field theory (21, a, 7i). Theorem IC. 1.1 1 
reduces the analysis of the point-continuous subspace in this model to the study of the 
three pointlike-localized fields: 0+, : 4>\:, ■ (/)+ '■■ We will show below that the concepts 
of square-integrability and of the infrared order of an operator, defined for observables 
from 2lc by relations (j2.2.17p and (12.2.22p . respectively, can be extended to the fields in 
question. Moreover, there holds the following proposition, whose proof is given in the later 
part of this section. 

Proposition C.1.2. In massless scalar free field theory the following statements hold true: 

(a) If s>3, then oid{(p+) = 2. 

(b) Ifs = 3, then ord(:</)^:) = 1. 
If s = A, then ord(: 0^ :) = 0. 

If s>5, then \\ -.cfp': \\e^2 < 00 for any E >0. 

(c) Ifs = 3, then OTd{: (/)% :) = 0. 

If s^3, then \\ -.cj)^: \\e,2 < c« for any E >0. 

Part (b ) also holds if -.(p'^: is replaced with : 0^ : G <I>pj^ . 

We note that vanishing of the infrared order does not imply that a given operator is 
square-integrable. There remains an open question if for s = 4 and : 4>^ : for s = 3 

have the property of square-integrability. Its resolution would allow one to determine 
exactly the dimensions of the point-continuous subspaces in Theorem 12.2.51 (a) and (b), 
and Theorem 12.2.61 (b). 

After this preparation we estimate the dimension of the point-continuous subspace in 
(full) massless scalar free field theory and compute the infrared orders of its elements. As 
expected, the infrared structure improves with increasing dimension, in the sense that the 
dimension of the point-continuous subspace decreases. However, this subspace remains 
non-trivial for any s >3. 

Proof of Theorem I2.2.5t We consider only the case s = 3 as the remaining cases can be 
proven analogously. Since we do not know whether :(p^:, whose infrared order is zero by 
Proposition IC.1.21 is also square-integrable, we have to consider both possibilities. First, 
we show that if || : (j)^ : \\e,2 = 00 for some E > 0, then for any ^ S 2lc there hold the 
following statements: 

(i) Ti{A) / <^ ord(A) = 2. 



(ii) {ti{A) = and T2{A) / 0) 4^ ord(A) = 1. 
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(iii) {ti{A) = 0,T2{A) = and ts{A) 7^ 0) <^ (ord(A) = and 3e>o s.t. \\A\\e,2 = 00). 

(iv) (ri(A) = 0,T2{A) = and T3{A) = 0) 4^ Vij>o \\A\\e,2 < 00. 

To justify these claims, suppose that tq{A) = ■■■ = r/_i(A) = for some / G {1,2,3,4}. 
(tq := ujQ is understood here). Then relation (jC.l.ip gives the following bounds for any 

f e Tb,i 

±{( / d^p\p\^MAm'y^ -\riiA)\{ I d^pm^i^mfy^] 
3 „ ^ ^ 

< 5] \n{A)\ sup ( / (i'^p|pn¥^'(^(F))P)^+^^||i?(2n^)lb,2. (C.1.4) 

fc=Z + l V'STb,! J 

We note that all terms in this expression are finite for sufficiently large /3 by esti- 
mate p.2.15p and Proposition IC. 1 .21 We will now study their behavior with decreasing /3. 
By Proposition IC.1.21 ord(: (f)^^ :) > ord(: (f)^ :), for A; > / in the above formula. Thus, by 
considering /? in a small neighborhood of ord(:(/)^^ :) and taking supremum w.r.t. 93 G Te^i, 
we easily obtain that ord(A) = ord(:0'^ :) if and only if ti{A) 7^ 0. Hence, there holds (i) 
and (ii). In part (iii) we set (3 = and make use of our assumption that || : \\e,2 = 00 
for some E > 0. In (iv) the implication (^) follows trivially from square-integrability of 
R^'^\A). The opposite implication is a consequence of (i), (ii) and (iii). 

Thus we have verified that Ord(2tc) = {0,1,2} and the subspace 2lac, consisting of 
square-integrable observables, can be expressed as follows 

2lac = ker loq H ker ti n ker T2 n ker T3, (C.1.5) 

Now computation of the dimension of the point-continuous subspace is a simple exercise in 
linear algebra: Since the above functionals are linearly independent (by Theorem IC.l.ip . 
we can find Ai, A2, A3 £ 2lc s.t. Ti{Aj) = 6ij. For any A G 2tc we obtain the decomposition 

A={A- Ain{A) - A2T2{A) - AsMA)) + Ain{A) + A2T2{A) + A^rsiA), (C.1.6) 

where the term in bracket belongs to 2lac due to (IC.l.Sp . Choosing the point-continuous 
subspace as 2lpc = Span{Ai, A2, A3} and noting that {vlj}f are linearly independent we 
obtain that dimSlpc = 3. 

Assuming that for any E > there holds || : cp'^ : \\e,2 < 00, we can incorporate the 
term T3(-) : <j)^ : to R^'^\-) in formula (jC.l.ip . Thus, proceeding analogously as in the 
previous case, we verify the following facts for any A £ 

{[') Ti{A) /0 4^ord(yl) = 2. 
(ii') {ti{A) = and T2(^) / 0) ord(A) = 1. 
(iii') (ri(^) = and T2{A) = 0) ^ (Vij>o \\A\\e,2 < 00). 

Again, it follows that Ord(2lc) = {0,1,2}. However, the absolutely continuous subspace 
is now given by 

2lac = ker loq R ker ti R ker T2. (C.1.7) 

Hence the point-continuous subspace is two-dimensional in this case. In view of rela- 
tions (IC.1.5P and (|C.1.7h the theory satisfies Condition L^^). □ 
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The last example which we consider is the even part of massless scalar free field theory. 
Making use of Theorem IC.l.H we will show that the theory {^^^\ a,7i^'^^), introduced in 
Section IB. 21 satisfies Condition L^"^^ and we will analyze the resulting point-continuous 
subspace. To this end, we define the functionals uj^q = ujqo tt'^J^, 1.2 = '^'2° ^r^j^ and set for 

any A E Sl^^^ 

R^^iA) ■■=A- uiM)L - Z2{A)-4l: (C.1.8) 

quadratic form on states of bounded energy in ?^(^). Then, due to relation (|B.2.18|) 
and the fact that f '■) = '■) for any G there holds 

^(i^gU)) = .(e)M(i?(^)(vr(;JU))), A G ^ e ri^\ (C.1.9) 

Finally, making use of relation (IB.2.201) . we obtain \\R^^AA)\\e,2 < \\R^'^\7r^J^{A))\\E,2 < 
00, where the last bound follows from Theorem [CTll With the help of Proposition [CT2] 
we obtain the description of the point-continuous subspace in the even part of massless 
scalar free field theory. Here the only possible obstruction to square-integrability of ob- 

servables form 21^ ^ is the presence of the term : : in relation (1C.1.8P . 

Proof of Theorem I2.2.6t Exploiting relation (1C.1.8P and the subsequent discussion, 

and proceeding as in the proof of Theorem 12.2.51 above, we obtain the result. □ 

The remaining part of this section is devoted to the proof of Proposition IC.1.21 which 
was the main technical input of the above discussion. We note that any field (j) £ '^'fh 
belongs to T^o ^^'^ therefore (p{(j){x)) is a bounded, continuous function for any ip S Te- 
We are interested in the regularity properties of its Fourier transform (p{4>{p)) which is a 
tempered distribution. To begin with, we prove a simple, technical lemma. 

Lemma C.1.3. Let < (3 < s, (p € and D C TC be a dense domain s.t. 

\p\2 (^>i\(j)(p)^>2) is square integrable, uniformly in ^1, ^2 £ {PE'HnD)i. Then \p\^ ^{(pip)) 
is square integrable, uniformly in f £ Te, and 

sup [d^p\p\f\{^,\^{i>)^2)\'= snp ! d^pWWim)?- (C.l.lO) 

*i,*2e(Pi5'HnJ:>)i J v&Te^i J 

Proof. By the Cauchy-Schwarz inequality there holds for any g G ^(M*) and ^'i,^'2 G 

{PeH n D) 

\{^i\m'^2)\ 

< ll^ill \\^2\\ sup ( / d'pW\{^\\m^'2)?Y ( / d^p^|5(p)P)^(C.l.ll) 

^''i,*'2e{PBWnD)i J J iPr 

The above bound extends, by continuity, to any ^'i, ^'2 £ -PeW and we can proceed as in 
the proof of Theorem 2.5 from [Bu9nj : Let L'^{W)(p) be the Hilbert space of (classes of) 
functions h on for which 



\\h\\2Ap) = j d^p|pr^lMp)l'<oo. 



(C.L12) 



C.l. Proofs of Theorems 2.2.5, 2.2.6 and 2.2.7 based on Theorem C.1.1 
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Clearly, the subspace of test functions from is dense in L^(M*)(^). It follows from 

relation (jC.l.lip that for any ip G Tg^i 

mm 



< \\PEmPE\\ < hhm sup ( / d'p\p\^\{^'imm'2)?)'^. (c.i.is) 

*'i,*'2e(Pi5'HnD)i J 

The above inequality and the Riesz theorem imply that ip{(j){p)) G L^(M'*)(-_^) and 



sup I d'p\p\^Mm)\' < sup { d'p\p\''\{^'i\Hm'2)\'y. (c.i.u) 

v&Te-lJ <^'i,<^'2e(Pi3WnD)i J 

The opposite inequality is trivial, since the supremum on the r.h.s extends over a smaller 
set. □ 

Setting in the above lemma (p = and D = Ds we obtain a prescription for computation 
of the infrared order of the field (/>+: 

Proof of Proposition IC.1.21 (a): We will establish the bound 

sup / d'p\p\^WQ>+{p)t < oo, (C.1.15) 

and show that the power of the mollifier cannot be reduced. By Lemma IC.1.31 it 
suffices to consider ip{-) = {"ifil ■ ^'2) where ^1, ^2 £ Ds H Pe'H. Making use of the fact 
that 

Mp) = -^{a*ip)+ai-p}), (C.1.16) 
in the sense of quadratic forms on Ds x Ds, we obtain the estimate 

' d^p\pW^S+m2)\' 



< 



d'p\p\{\\^ifi^2\a*{p)a{m2) + \\^2fi'^i\a*{p}a{p)^i)) 



<2E\\^if\\^2f, (C.l. 17) 

where we used representation ()B.2.23P of the Hamiltonian. To show that the bound for 
is optimal, we construct a suitable sequence of functional: We choose a positive 
function h{p) G C^{W) s.t. supp/i(p) C {p £ W\\p\ < E}, J\h{p)\'^d'p = 1 and set 
Hn{p) = n^h[np) for n G N. Then the functionals on B{7i) given by 



m(.) = ^H^in-i)\ .hT) (C.1.18) 
clearly belong to Te,i. We note that for any e > 

By taking the limit n — > 00 the claim follows. □ 

In order to compute the infrared orders of higher Wick powers of 0+, we need the following 
lemma. 
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Lemma C.1.4. Let ^i, ^2 be normalized vectors from Ds H Pe'H. Then 

d'pi...d'pn\pi\\..\pnW-^l\ ■.MPl)...^+{pn): ^2)\^ < Cn,s,E, (C.1.20) 



for some constant Cn,s,E independent of^i, ^'2- 

Proof. Due to formula ()C.1.16P it is clear that the expression on the l.h.s. of (|C.1.20P 
can be bounded by a linear combination of terms of the form 



d^'pi . . . d^'pnlpil . ■ ■ \pn\\{'^i\a*{pi) . . . a* {pk)a{pk+i) . . . a(p„)^'2)|^ 
< j d'pi . . . d'pk\pi\ . . . \Pk\i^i\a*ipi) . . . a*ipk)a{pk) ■ . . a(pi)^'i) 

• j d'pk+l ■ . . d^pn\pk+l\ ■ . . |pn|(^2|a*(Pfc+l) • • • a*{pn)a{pn) ■ . . a(pfc+l)^'2) < E"", 

(C.1.21) 

where in the first step we made use of the Cauchy-Schwarz inequality and in the second 
step of the representation (IB.2.23P of the Hamiltonian. □ 

After this preparation we turn to the Wick powers of the field 0+ . 

Lemma C.1.5. Let n > 1, s > 3. Then, for any /3 > s.t. j3 > 2 — {s — 2)(n — 1) there 
holds the bound 

sup / d'p\p\''\^{:r+-- < 00. (C.1.22) 

Proof. We fix ^i, ^2 £ (Ds n Pe'H)! and define the functions 

Enip) = j d'^qi . . . d^'qn-ilp- qi\'^\qi - ^2p • • • Wn-il'^ 

•K^il :Mp-qS+{qi-Q2)---MQn-i): I'f 2)|'(C.1.23) 

which, according to Lemma [C. 1.41 belong to L^{^^,d^p) and their L^-norms are uniformly 
bounded in ^'i, ^'2 from the above set. We introduce the function xe{p) £ Cq^{W) which 
is equal to one on the set { p E | |p| < E} and obtain the following string of inequalities 

d^p\p\^\i^i\:r+:m2)\' 
< (2vr)-("-i) / d^p\p\^ [ d^q, . . . dSq^_^^(lzM^E(£L^ . . . 

J J \p-Qi\ \qi-Q2\ \qn-i\ 

■\p- qi\ \qi -Q2\--- |gn-i|(^'i| - qi)4>+{qi - ^2) • . >+(^n-i): 1*2) 



< (27r)^^("-i)n^+^||F„||i 



Xe{P1 - \XE{qi - q2)\'^ \XE{qn-l)\'^ 



sup d''qi...d^qn-i—z ^-pr^i ^To — ••• — i2 — • (C.1.24) 



1^1 -^2p "' |gn-ll^ 



Here in the first step we made use of the fact that the Fourier transform of a product is a 
convolution of the Fourier transforms of the factors. We also used the support properties 



C.2. Proof of Theorem C.1.1 (I): Functionals {tj}^ 



101 



of the wavefunctions corresponding to ^'i, ^'2- In the second step we appUed the Cauchy- 
Schwarz inequahty and the bound \p\^ < n^{\p — qi\^ + — 92 1^ ■ ■ ■ + |^-i|^) vahd for 
any /? > 0. To show that expression (|C.1.24p is bounded in the cases considered in the 
lemma we make use of the Young inequahty [RS2| which imphes that for /j E U'^ (M* , d^p) , 
i £ {1, . . . , n}, there holds 



ll/i* 

if 1 < r, < cxD are s.t. r^^ + • • • + r. 



* fn\ 

1 _ 
-1 _ 



by choosing ^ = 0, r2 
For < /? < 2, it follows from our assumptions that there exists e > s.t. (2 ■ 



r-< ||/l||n...||/n||r.„, (C.1.25) 

n — 1 + r~^. First, we assume that (3 >2. Then, 
= 1, we conclude the proof of estimate (jC.1.22p . 



(2-p){l+e) 



1 



■ /?)(! + £) < 
One 



min(s, (s - 2)(n - 1)). We choose ^ - , ,3 - - - 'n - J^^- 

easily checks that these parameters satisfy the conditions specified above and, moreover, 
(2 - f3)ri < s, 2ri < s for i e {2, . . . , n}. □ 



Proof of Proposition IC.1.21 (b) and (c): Upper bounds from part (b) and part (c) 
follow from Lemma IC. 1.51 It remains to prove the lower bound in part (b) for s = 3. Let 
Hn be defined as in the proof of Proposition IC. 1.2] (a) above and let us consider the family 
of functionals from Te,i given by 



(C.1.26) 



We fix e > and compute 



1), 



4 

(2vr)- 



d'q- 



1 



\p-q\^\q\2 



n 



s+l 



-n 



d'p\p\ 



l-e 



d'q 



Hp- q) HT) 



By taking the limit n ^ 00 we verify that ord(: (j)'^ 



(C.1.27) 

\p-q\2 \q\2 ' 
- 1 for s = 3. In the case of 



: G ^FHi the lower bound is established analogously, restricting attention to even n. 



Similarly, the upper bound established in Lemma IC.1.51 still holds, since the supremum 
in relation (|C.1.22p extends now over a smaller set of functionals. □ 



C.2 Proof of Theorem C.1.1 (I): Functionals {rjf 

In Section [B. 51 we introduced the decomposition of the map Qe '■ 2t(C'(r)) B(Ti.), given 
by 0£;(j4) = PeAPe, into three components 

eE = eE,i + eE,i + @E,2, (c.2.1) 

which are determined by the sets S and M . With the statement of Theorem IC.l.ll in 
mind, we choose = 3, K~ = in the definition of the set S and define the set M as 
consisting of four 2-multiindices 



M = {ao, ...,03} 



(C.2.2) 
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which are given by: a~^{j) = f^Sj,i, (j) = for A; G {0, 1, 2, 3}, j G N. Then, making use 

A 

of definition (jB.S.lSP of the map G^;^!, and recalling that our numbering of the s-indices 
{kj}^, introduced after formula (|B.4.3p . was chosen so that ni = 0, we obtain 

QeA^) = PE{MA)I + riliA)cP + ^il{A) ■.^'■.)Pe, (C.2.3) 

for any A E ^(0{r)). Now we are in position to construct the functionals r^, k £ {1, 2, 3}, 
appearing in Theorem IC.1.11 and verify that they have the required properties. 

Proposition C.2.1. In massless scalar free field theory for s > 3 there exist linear func- 
tionals Tfc, k € {1, 2, 3} on 21 which satisfy 

Tkh{o{r)) =t'LI^ (C.2.4) 
n{A{x)) = Tk{A) (C.2.5) 

for any r > 0, A £ ^ and x £ W. Moreover, coo,ti,T2,T3 form a linearly independent 
family. In addition there holds: 

21^^^ C ker n n ker rg and T2\^(,j / 0, (C.2.6) 
^('^^ C ker n n ker T2 n ker rg. (C.2.7) 

Proof. Let a^, k £ {1,2,3} be the multiindices introduced in ()C.2.2p above. By defini- 
tion ()B.5.14p . there holds 

where a^^'' are the functionals introduced in Lemma IB.3.H corresponding to the families 
of vectors {^K^^^^IjeN- Thus for any / £ Cro a^id r > tq we obtain 

4^W/)) = e-^ll^ll^(6^.|/+)^ (C.2.9) 

where we made use of our convention that ki = 0. We recall that = co^'^F^, where 
£ D{Oroh- Moreover, by definition (IB.4.111 . 

boAP) = -^Ap)^'^xi0^m. (C.2.10) 
(27r)2 

where x(C'r) = 1 on Or- We note that for r > tq and any y £W^ s.t. O^q + y C Or there 
holds 

{ht,r\U{y)fA = j:^{x{Or)\U{y)FA = ^ f d^xx{Or){x)F+ {x - y) 
(27r)2 (2vr)2 J 



-V / d'xF+{x), (C.2.11) 
l7r)2 J 



(27r)i 

i.e the functions r (^o^rl^(^)/^) constant for r > tq and independent of y within 
the above restrictions. Thus for any r, r' > ro, A £ 2t(0(ro)) (i.e. A is a finite liner 
combination of Weyl operators) and y as specified above, we obtain 

ril{A)-^^^\Am = 0. (C.2.12) 
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Since the functionals above are normal, the identities extend to any A from ^{0{rQ)). In 
view of the above relation and the fact that any ^ G 21 belongs to 21(0 (ro)) for sufficiently 
large ro, the following formulas 

Tk{A) = lim T^^liA), A G 21 (C.2.13) 

r — >oo ^ 

define linear functionals on 21 which satisfy conditions ()C.2.4p and ()C.2.5p . By this former 
condition, relation ()C.2.8p and formula ()C.2.1ip we obtain 

nmf))=ri:\wif)) = I d^.F^x)^, (C.2.14) 

for /, defined as above. The last integral vanishes if F^{x) = '^j^idx^Fj' (x) for 

some Fj' G D{Org)M.- From this fact and the strong continuity of r^"^ there follows 
statement ()C.2.7p . Next, we note that by formula ()C.2.14p 



n{W{f) + W{-f)) = Ti^\w{f) + W{-f)) = (1 + (-1)'=) rj; V(/))- (C.2.15) 



Thus for k G {1,3} the functionals t^°^ are zero on 2l(^)(C'(ro)), since they vanish on a 
strongly dense subspace of this algebra. This implies that 21^'^^ belongs to ker ri n ker T3. 
Choosing / so that / d^xF^{x) 7^ 0, we obtain from formulas (IC.2.14p . (IC.2.15P that 
T2{{W{f) + W{-f)) / 0, what concludes the proof of statement (|C.2.6p . 

We still have to show that the functionals lo{),ti^T2tT2, are linearly independent. Sup- 
pose that 

Co Wo + ci n + C2 r2 + C3 T3 = (C.2.16) 

for some complex numbers co, . . . , C3. Evaluating this expression on the unity operator we 
obtain from relation ()C.2.9P that co = 0. Since there exist A G 21'-'^-* s.t. T2{A) ^ 0, we 
get C2 = 0. It remains to find G 21 s.t. ti{B) = and t^{B) / 0. Given /, F+ as 
introduced above, with the additional condition that J d^xF^{x) 7^ 0, we pick a function 
h G S(R) s.t. 



/ 



e-Kll/lliu/i(n)(iu = 0, (C.2.17) 



i^W2u3h{u)du = l. (C.2.18) 



_i„2 

e 



(Existence of such function can be established with the help of the Gram-Schmidt proce- 
dure as in the proof of Lemma ID.3.ip . The weak integral 

B := j Wiuf)h{u)du (C.2.19) 

defines an element of 21(0 (ro)) by the von Neumann bicommutant theorem. With the help 
of relations (fCXSll . (ICTTO]) and (1(^.2. Ill) as well as properties (1(12. 17p . (l(L2.18p of the 
function h we obtain that ti(B) = and t^{B) ^ 0. Since ri is non-zero, this concludes 
the proof of linear independence of the functionals. □ 



104 



Appendix C. Verification of Condition L*-^) in Scalar Free Field Theory 



The functionals Tk, k £ {1, 2, 3}, constructed in the above proposition, determine the map 
i?^^) introduced in the statement of Theorem IC.l.ll For any A £ ^{0{r)) we obtain 

R(^){A) = A-u;o{A)I-n{A)(t>+-T2iA) -.^l: -r^iA) :<j)l:, (C.2.20) 

in the sense of quadratic forms on the domain Db x Db of vectors of bounded energy. In 
view of the property (|C.2.4p . formula (|C.2.3p and decomposition (|C.2.ip there holds 

PeR^^\A)Pe = QeM) + Qe,2{A), a e 2l(0(r)). (C.2.21) 
Thus to conclude the proof of Theorem IC.l.ll we have to verify that the ranges of the 

V 

maps 0_B,i, Qe,2 are square-integrable. This is the subject of the next section. 

C.3 Proof of Theorem C.1.1 (II): Square-Integrability of R^'^^ 

In this section we complete the proof of Theorem IC.l.ll After introducing the necessary 
technical background in Subsection I C . 3 . ij we prove the square-integrability of the ranges 

V 

of the maps 0_b,i and Qe,2 in Subsections IC.3.2] and IC^3^ respectively. 
C.3.1 Key Lemma 

The main goal of this subsection is to prove Lemma IC.3.11 below, which is inspired by 
Lemma 2.2 of |Bu90j . To state and prove this result it is convenient to proceed to the full 
(non-symmetrized) Fock space 7i on which there act the (prototype) creation operators 
6*(^), ^ G L'^{W,d''p), given by 

6*(^)$ = ^r®$, $e7Y (C.3.1) 

and their adjoints h{^). Upon restriction to the symmetric Fock space "H, the formula 

a(^) = \/iV6(^'), where N is the number operator, gives the standard annihilation oper- 
ator introduced in Subsection IB. 21 With these definitions at hand we proceed to the main 
technical result of this appendix. 

Lemma C.3.1. Let E > and h be a Borel function on W which is bounded on {p £ 
I a;(p} < E}. We denote the operator of multiplication by h on L^(M*, d^p) by the same 
symbol. Let {5'i,j}i°, {s'2,j}i° be two families of functions from L'^(EJ^,d^p) which belong 
to the domain of huj2 and let fi, v be multiindices. Then 

sup / d''xip{a*{hu^gi^^)^'a{hi^^gi^sY)ip{a%hiv^g2,xya{hx^^g2,xy^ 

<( sup |%-)|2i^)l'^l+l-l / d'ym\b{9irb*ig,,y^rn)\ 

uj{p)<E JAK 

\{n\b{92rb*{g2,grm, (C.3.2) 

where K is any compact subset ofW, AK = {x — y \ x,y G K}, g^^i^x = Ui{x)gk,i, 
A; G {1,2}, i G N. 



C.3. Proof of Theorem C.1.1 (II): Square-Integr ability of i?*-^^ 
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Proof. Let Q = J^d^xVigi^gYhigi^sY ®h*{g2,sTKg2,gY act on W W and ^-i, G W 
be resp. particle vectors. For = (resp. = 0) we choose (resp. ^'2) 
to be a multiple of O. Then = • ^'i)(^'2| ■ ^2) is a positive functional on 

B{'H) ® B{n) and we obtain 



^{QY<^{I)ip{QQ)=^{I) J d'x J d^yi^i\b*{g^,gYK9i,:cYb*igi,yYK9i,yr'^i) 

(.^2\b*{g2,,YH92,ccYb*{92,yrH92,yY^2) 

<ip{I) I d'x I d^y\{^i\b*{g,.,Ymm9i,^Yb*{9i,yYmm9i,yY'^i)\ 

\i^2\b*{g2,a:Ymm.92,^Yb*{92,yYmm92,yY'^2)\ 

< ifilMQ) [ d'^y\{m9iYb*{9i,yYm m\bi92Yb*{92,yYm-iC-3.3) 
Jak 

Where in the last step we made use of the inequality \f{x)f{y)\ < + 
Consequently 

/ d^x{^,\b*{g,^,Yb{9i,£Y\-^i){'f2\b*{g2,,Yb{92.ccY-^2) 
Jk 

< \\^if\\^2f I d'^ymHgiYb^igi.yYm mb{92Yb*{92,yy^)\-{G2A) 

Jak 

We pick ni,n2 E N s.t. ni > |//|, 71-2 > Given rii- and n2-particle vectors ^'„^,^„2 ^ 
{Pe'H)i^ whose wavefunctions are Schwartz-class, we define |//|-, resp. |i/|-particle vectors, 
where the remaining arguments are treated as parameters 

. . . ,P|^|)p|^|_^i,...,p„^ := h{pi)u{pi)^ . . . /i(p|^|)a;(p|^|)3^„,(pi, . . . 

*2(gi, • • • , := h{qi)^{qi)^ ■ ■ ■ K%v\Y{q\v\)^'^n2{qi, ■ ■ • .^na)- (C.3.5) 

With these definitions we compute 

d'x{^n^a*{hl^^gl^g)^'a{huJ^gl^gY^n,){^n2\a*{huJ^92,xYa{hi^^g2,g^^ 



K 



ni! n2\ f's ,s f's ,s 

^n,-\^^\)l{n2-\u\)\ J dPM+i---dpn.J dq^,^^,...dqn, 

d'x \b*{gi,sYb{9i,xY^i,p^,^+„...,pJ 

< (sup \h{p)\^E)M+\'^\ [ d'ym\b{9iYb*i9i,yYm 
\p\<E JAK 

\im92Yb*{92,yrm^ (C.3.6) 



where in the last step we applied formula (IC.3.4P and made use of the following computa- 
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tion to control the ni and 712 dependence 

n<---<Vl 

< j d'pi...d'pn, (cu(;?i) + ---+u;(jr„,))l'^l|*„,(pi,...,|4J|2 <£;IH. (C.3.7) 

Here in the first step we used the symmetry of the wavefunction and in the second step 
we applied the multinomial formula. By an approximation argument, the bound ()C.3.6P 
holds also without the restriction that ^m, have Schwartz-class wavefunctions. 

To conclude the argument we need several simple, geometrical observations: We note 
that any if £ has the form • ) = YlkLiPki'^kl ■ ^fe), where pk > 0, YlkLiPk < 1) 
and G {Pe'H)i. Let Ci, C2 be a pair of bounded, positive operators. (The operators 
PEa* {hui2 g-^Ya{huJ2 giYP^, Peo" {huo^ a{huj2 Pe , appearing on the l.h.s. of rela- 
tion ()C.3.6P are bounded due to the energy bounds (|B.5.22p and the fact that WQeH < 00). 
There holds the simple estimate 



sup / d''x(f{Ci{x))(p{C2{x)) 



< sup / d'x{^i\Ciix)^i){^2\C2ix)^2)- (C.3.8) 
*i,*2e(PE-H)i Jk 

Finally, we can decompose any ^' G {Pe'H)i as ^ = cqQ. + Yl^=i Cn^ru where are 
normalized n-particle wavefunctions and |coP + |cnP < 1- Consequently, for Ci and 

C2 as above, conserving particle number, we obtain 

d'x (^i|C7i(f)^'i) {■^2\C2{x)-^2) 

< sup / (i'x(^i,„JCi(x)^i,„J(^'2,n2|C2(x)^'2,„2). (C.3.9) 
ni,n2 JK 

Now the bound in the statement of the lemma follows from estimate ()C.3.6p . □ 

In the next section we will use the above lemma to prove the square-integrability of 

V 

individual terms appearing in the expansions of the maps Qe,i and Qe,2- Then the square- 
integrability of the ranges of these maps follows from the special case of the Minkowski 
inequality [Halj which we state below. 

Lemma C.3.2. For any family of fn £ L'^(R^,d^p), n £ N, whose norms ||/n||2 form a 
summable sequence, there holds the bound 

/oo 00 ^ 

d'p\Y.fn{P)\'Y <Y.U d'P\UP)\'Y^- (C.3.10) 
n=l n=l 

After this technical preparation we can proceed with the proof of Theorem IC.1.11 
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C.3.2 Square-Integrability of Qe,i 

In this subsection we apply Lemma IC.3.11 to prove the square-integrability of the range 

V 

of the map Qe,i- In order to control the expressions appearing on the r.h.s. of esti- 
mate (IC.3.2j) . we need the following result: 

Lemma C.3.3. Let A > | and suppose that h £ L^{W,d''p)x. Then the function W B 
X {h\U{x)h) is absolutely integrable and there holds 

d'xmu{x)h)\<cx mix, (c.3.11) 

where the constant c\ depends only on A and s. (Here ( • | • ) denotes the scalar product in 
L'^{W,d'p)). 

Proof. We pick h G ^(IR*), a compact subset if C and estimate 
d'x\{h\U{x)h)\ = [ d'x\ [ d'pe-'^hip)h{p)\ 

K Jk J 



< 



d'x \ I d'yh{y)h{y + x)\ < ( / d'y\h{y)\f 



= cx\\h\\l„ (C.3.12) 

where in the fourth step we made use of the Cauchy-Schwarz inequality. Since 5'(M'*) 
is dense in L'^iW'^ , d'^p)x, this estimate extends to any h S L'^{W^,d^p)x- Finally, as the 
constant c\ is independent of K, we can take the limit K . □ 

V 

With our choice of the sets S and (see definition ()C.2.2p ) the map G^;^!, given by 
formula (|B.5.20p . has the following form 

eEAA)= J2 ^+,.+ (^) V,-+' ^G2l(0(r)), (C.3.13) 

3j>i s.t. fi+{j)+u+{j)jtO 

where we made use of the fact that ^~ = v~ = 0, since K~ = 0. We recall from 
formula (|B.5.19p that 

= PEa*{hXj,Y\{hl^Y^PE (C.3.14) 

and that the numbering {nj^f of the s-indices is chosen so that ki = 0. The following 
lemma establishes the square-integrability of these operators under the restrictions on the 
multiindices , given in the sum ()C.3.13P . We will exploit the useful fact that for any 
C G BiTL) which satisfies ||C||£;^2 < oo there holds 

\\C\\e,2<^ sup ( / d'x\^{C{x))\''Y- (C.3.15) 
This bound follows immediately from decomposition p.6.2|) . 
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Lemma C.3.4. Suppose that ^'^{j) + i^^(i) 7^ for some j > 1. Then in massless scalar 
free field theory for s > 3 there holds the bound 

|IV,.+ lb,2<(4"'+')^''+"^ (C.3.16) 
for some constant ce independent of k. 

Proof. We assume, without restriction, that there exist j > 1 s.t. 7^ 0. Thus we 

can choose multiindices u^, in such a way that u'^ = + v'^ and \i'a\ = ^tH) = 1- 
Making use of formula (|C.3.14p we obtain for any compact subset il' C 

sup / d^x\ip{S^+^^+{x))\^ 



< sup / d^xv^ia*ih+^r\ih^^r^)^ia*ih^^raih^^r^) 
<£;lA'^l+l-^l||a;-U+^||^(l"^l+l'^^^l^ sup / d^x(^(a*(/.+ ^^)a(/i+_^)), (C.3.17) 

where in the first step we applied the Cauchy-Schwarz inequality and in the second step 
we exploited the energy bounds (|B.5.22p . Lemma EMI the fact that a{h^^E) Pe = 

a{hK^EY^ PE('^{hK,EY°' Pe and the properties of f^. 

We will apply Lemma IC.3.11 to the integral on the r.h.s. of relation (IC.3.17P : Since 

A 

Kj 7^ 0, we can write Kj = kj +Kj in such a way that \K.j\ = 1. Next, we set h{p) = -^^^y- for 
p / and h{0) = 0. There holds ||/i||oo < I and hi: e = huj^{uo^h^ ). (We recall that 

h'^E^P) ~ by definition ()B.4.2p ). Moreover, by Lemma [6.4.41 
there holds for any A > 

lkU+^||2,A < K-|,e)I'^I+\ (C.3.18) 

l^-U+^lb < (co,i,e)l''l+S (C.3.19) 

where the constants _i ^, Cq 1 ^ are independent of k. We pick some A > | and obtain 
from Lemmas IC.3.11 and IC.3.31 

sup / d^xipia*ih+^)a{h+^)) < e[ d^xK^U+ )| 
^(zr+^JK ^ ^ Jak ''j'-^ 1^3^^ 



< EcxWuj^ht Jlx 



< (cs)l"^l+^ = {{cEp^Y'^ ■ (C.3.20) 

Here in the third step we used the bound ()C.3.18p . absorbed the constants involved into one 
constant ce, independent of Kj, and made use of the fact that = + 1. Substituting 
the above bound to relation ()C.3.17p and making use of estimates ()C.3.19P and ()C.3.15p . 
we obtain the estimate in the statement of the lemma (after readjusting the constant ce)- 

□ 



After this preparation we can prove the square-integrability of the range of the map e, 



1- 
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Proposition C.3.5. In massless scalar free field theory for s > 3 the map Qe,i, given by 
relation ^C.3.13\) . satisfies the bound 

sup ||es,i(^)||i=;,2 < OO. (C.3.21) 

Ae2l(Ci(r))i 

Proof. First, we recall that due to the bound ()B.5.2ip and Lemma (|B.4.3p there holds 



< 2i^^i+i^^iyMTM)!ii&..iir^^^ 

< V(l/^+l + l^+l)!(^^^^J (C.3.22) 

for some constant Cr, independent of k. Next, making use of the Minkowski inequal- 
ity (|(L3.inj) . we obtain for any A £ 2l(C'(r))i 

||0B,l(^)||£;,2 < ^ ll'T^lt+.iy+ll ll'S'/x+,i/+l|s,2 



3j>l s.t. fi+{j) + iy+(j)y^O 



\ti+\ + W+\<3 



li+,\ti+\<3 



k=0 ^fteNg 



where in the second step we made use of the bounds (|C.3.22I) . (IC.3.16P and in the last 
step we used the fact that the multinomial coefficients are larger or equal to one and we 
applied the multinomial formula (|B.1.4p . The last expression is clearly finite. □ 



C.3.3 Square-Integrability of Qe,2 

Now we proceed to the proof of the square-integrability of the range of the map Qe,2, 
defined by expansion (|B.5.37p . Again, we will first apply Lemma IC.3.11 to the individual 
terms of this expansion and then use the Minkowski inequality ()C.3.10p to conclude the 
proof. In order to control the terms appearing on the r.h.s. of estimate (IC.3.2p . we need 
two auxiliary lemmas proven below. 

In Subsection IB.4.11 we introduced, for any p > 0, a function x{^p) £ C^(M*) s.t. 
xiOp){x) = 1 for X S Op. Here we demand in addition that xi^p){^) = for x ^ ^p+e, 
for some fixed e > 0, independent of p. We denote the operator of multiplication by x(C'p) 
in configuration space by the same symbol. 

Lemma C.3.6. Suppose that F G S"(]R*) coincides with a bounded, measurable function 
in the region {y G M** | |y| > p} and its Fourier transform F is a positive, measurable 
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function s.t F^/^ ^ L2(R^,(i*p) + L°°(M^,d^p). Then F^/^xiOp) is a bounded operator 
and there holds 

\\xiOp)FxdOp)\\<Cp,, sup \F{z + x)\ for\x\>3{p + e), (C.3.24) 

\z\<2p+3£ 

where Xx{(^p)iy) = x{^p){y ~ the constant Cp^g is independent of x and we denote the 
operator of multiplication by F in momentum space by the same symbol. 

Proof. In order to prove the first statement we make a decomposition F^/^ = Fg^^^+i*!^^, 
where F^^^ £ L'^{W,d'p), fU^ £ L'=^{W,d'p). Since F^"^ is a bounded operator, it 

~ 1/2 

suffices to consider F2 xi^p)- We pick /i,/2 G S'(M'*) and estimate 

|(/l|F2^/\(0,)/2)| = (27r)-t| I d'pd'q f\{p)F^^\p)^){p-q)MQ)\ 

< c||/iF2'/'||i||x(Op)||2||/2||2 < c||/l||2||F2^'||2||x(Op)l|2||/2||2, (C.3.25) 

where in the second step we made use of the Young inequalit}0 |RS2| and in the last 
estimate we applied Holder's inequality. 

Next, we verify relation ()C.3.24p . If |x| > 3(p + e), then \y — x\ < 2p + 3e implies 
|y| > p and the expression 

Fg{p) := (27r)-f J d^y e'^^y F{y)x,{02(p+,)){y) (C.3.26) 

defines a bounded, continuous function. The operator of multiplication by F^ in momen- 
tum space, denoted by the same symbol, satisfies the identity 

x{Op)Fsx^{Op) = x{Op)Fxs{Op). (C.3.27) 

To justify this equality of two bounded operators, it suffices to compare their matrix 
elements between /i,/2 G 5(M'^). We introduce vectors gi = 52 = Xx{^p)f2 

and compute 



{fi\xiOp)FxdOp)\f2) = J d'pgimmUP) = F{9i92) = F((2vr)- 25- * 52) 

= {Xx{02p+2e)FmT,)-^2-g- * g^) = {fl\x{Op)hxs{Op)\f2), (C.3.28) 

where 52 (^) ~ 92{—x), in the fourth step we made use of the support properties of gi 
and 52 in configuration space and in the last step we reversed the first three steps with F 
replaced with Xxi(^2p+2e)F- Finally, we obtain from (jC.3.26p 

\F^ip)\ < (2^)-§ / d^y |x(02{p+.-))(y)l sup \Fiz + x)\ 

J |z|<2p+3£ 

= Cp,e sup \F{z + x)\. (C.3.29) 

\z\<2p+3£ 



^The Young inequality states that for any positive functions / € L^^ (R"^ , d^p), g G L^^ (R" , d" p) , h G 
I/'■^(IR^d», where 1 < ri,r2,r3 < 00 s.t. ^i- + _|_ _L = 2, there holds the bound 



J d'pd'q f(p)g{p- q)h{q) < Cn.ra.rg ||/||ri llffllrj ll^llr:. 
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From this bound and identity ()C.3.27p there follows the estimate in the statement of the 
lemma. □ 

We recall that hr £ D{Or)R has strictly positive Fourier transform and, by Lemma lB.4.51 
the operators Th^± = are bounded for any ^ < 7 < Thus we can set 

in Lemma [C.3.11 h = g^^i = uj'^hrC^ei for k G {1,2} and z G N, where {ej}f^ is 

the orthonormal basis of eigenvectors of the operator T, given by ()B.4.28p . The resulting 
estimate, studied in Lemma [0.3.81 below, relies on the decay properties of the functions 

W B {io~^hrCfei\U{x)uj-^hrCfei) (C.3.30) 

which appear on the r.h.s. of relation ()C.3.ip . These properties are established in the 
following lemma with the help of the relation 

Ct = u^-2x{Or)u^^'^Ct, (C.3.31) 

which provides a link with Lemma IC. 3. 61 

Lemma C.3.7. Assume that s > 3 and let e he a normalized eigenvector of the operator 
T, given by ^B.4-2S^ , corresponding to the eigenvalue t. Then there holds 

(a) {uj~^hrC~e\U{x)uj^^hrC^e) = for \x\ > Ar, 

m\x\ ^ 

(h) \{io'^hrCfe\U{x)uj'^hrCfe)\ < "'"(j^j^^'Z^* 

where the constant Cr{m) is independent of x, e and finite for any m > 0. (If m > 0, the 
above relations hold for s >1). 

Proof. To prove part (a) we set again x^(C'r)(y) = x{^r){y — x) and note that 

{uj~ 2hj,C~e\U {x)ll!^ 2 hj.C^e) 

= {uj~^hrC; e\x{02r)Xx{02r)U{x)uj~^hr£~ e) = 0, (C.3.32) 



for \x\ > 4r, since hr £ D{Or) and hence to ^h^C^ e £ [D{02r)]- This latter statement fol- 
lows from the fact that uj~2hrC~ e = (w~ 2 /i^£^)£~e and uj~2hrC~ is a bounded operator 
due to Lemma lB.4.51 In view of the uniform bound 

\{uo-^2hrCfe\U{x)uj-^2hXte)\ < ||^^"Uy2||^(e|r^2^e) < \\u;^^'%\\^t^ , (C.3.33) 

which involves the parameter 7 G ^-^[ from the definition of the operator T, there also 
follows the (— ) part of (b). To prove the (+) part we estimate 

\{u-^hrC+e\U{x)LO-^hrC+e)\ = {{Kuj^ C+e\xi02r)u;^^Xx{C>2r)hr^^^U{x)C+e)\ 

< t^L0^^+^hr\\oo\\x{O2rp-\^{O2r)\\. (C.3.34) 

Now we are in position to apply Lemma lC.3.6t We set F{p) = (|p|2 + m^)^^, m > and 
obtain 

(C.3.35) 
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For s > 2, F{x) = ^^^--2 {m\x\) 2 Ks-2 (m\x\), where Ks~2 is the modified Bessel function 
of the second kind. It satisfies the following bound for s > 3 and z >0 

z^Ks^iz) < ce-5, (C.3.36) 



where the constant c is independent of z. (See Section 7.2 of |GJ| for a proof). Conse- 
quently, we obtain for |x| > 6r + 3e 

_ISi(|;f|_4j._3£) 

\\xi02r)u.-\d02r)\\ < l;{^^_\,_^,y-2 - (^.3.37) 

Making use of the uniform bound ()C.3.33p , we get the estimate from the statement of the 
lemma for a suitable constant Cr{m) and s > 3. 

It remains to consider the massive case in low dimensions. For s = 2 there holds F(x) = 
KQ{m\x\), what implies < c,.^me~™'^' for |x| > 2r. (See [GJ] Proposition 7.2.1. (c)). 

For s = 1 we have the explicit formula F{x) = {{2Tr)2m)~^e~™'^^^ . In both cases we easily 
verify, by an analogous argument as above, that the estimate in part (b) of the lemma 
holds for m > 0. □ 

With our choice of the set S (see Section [C.2p . the map Qe,2, given by expansion (|B.5.37p . 
has the form 

Qe,2{A)= Y1 r-p,T,{A) Sj,,j,. (C.3.38) 

\lJ.+ \ + \u+\>3 or \tJ.-\ + \u-\>0 

We recall from formula (|B.5.35P and the bound ()B.5.36P that 

Sjz,v = Psa* {Crefa{CrefPE (C.3.39) 

are bounded operators. In the following lemma we show that they are square-integrable 
under the restrictions on Jl, v appearing in the sum (IC.3.38P . 

Lemma C.3.8. Let {'p,T') be a pair of 2-multnndices {'p,T') s.t. |^^| + Iz^"*"! > 3 or 
l/i^l + \v~\ > 0. Then, in massless scalar free field theory for s > 3 there holds the bound 

\\StzM\e,2 < Cr,EE^^t'Pt'', (C.3.40) 

where {tj}^ are the eigenvalues of the operator T given by \B.4-.28 ) and the constant Cr^E 
is independent of 'p.,!'. 

Proof. Any pair of 2-multiindices (jl^ V) satisfying the restrictions from the statement of 
the lemma can be decomposed as follows: 

= J^a+'Pb, (C.3.41) 
= Va+V^, (C.3.42) 

where l/Ial + \T^a\ = \l^t\ + \^a \ = 4 or |7I^| + \Va\ = + \ = 1. For any compact 
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subset K cW and 99 € T^i we obtain 

f d"x|vp(5'p,p(x))p < / d'xif^{a\CreYa{Cref)^g{a*{Crefa{Cref) 

Jk ' J K 

= [ d'xipg{a*{CreY-a*{Cref'^a{Cref^a{Cref-) 

JK 

■ ipg{a*{Cref^a*(Cref^a[Cref''a[Cref-) 

JK 

■ip^{a*{Cref'^a{Cref'^), 

(C.3.43) 

where in the first step we made use of the Cauchy-Schwarz inequaUty and in the third 
step we used estimate (]B.5.36p . Now we set in Lemma [0.3. II h = g^^i = u>~2hrCfei 
for k G {1,2}, i E N, where the function /i,. > entered into the definition ()B.4.28p of the 
operator T. We obtain 

sup I < sup |/l^(:p)|-2)lMal + l^a| 

■ [ d'y\{n\b{hrUJ-^Crey-b*{U{y)hrUJ-^Cref-n)\ 
Jak 

■\{n\b{hrUJ-^Cref''b*{U{y)hrUj-^Cref-n)\ 

mip)<E 

■ / d'^y\{hri^^^Cre\U{y)LO^^hrCre)'^''\ ■ \{hriv~^Cre\U{y^ 
Jak 

< C72^^l^l+l^lt2^t2F_ (c.3.44) 

We note that the integral, obtained in the second step, converges with AK due to 

the properties of the 2-multiindices Jla Lemma IC.3.71 Thus the constant Cr,E can 
be chosen independently of K and the above bound still holds after replacing K with M**. 
Now the estimate in the statement of the lemma follows from the bound ()C.3.15P after 
readjusting the constant Cr^E- D 

Now we are ready to prove the main result of this subsection. 

Proposition C.3.9. In massless scalar free field theory for s > 3 the map @e,2, given by 
relation IIC.3.38\) . satisfies the bound 

sup ||es,2(^)lb,2 < 00. (C.3.45) 
Proof. First, we recall that the bound (|B.5.34p gives \\Tp^u\\ < 2^^\'^^\+\^\\p.Vl)'^ . Next, 



114 



Appendix C. Verification of Condition L*-^) in Scalar Free Field Theory 



making use of the Minkowski inequality (|C.3.10p . we obtain for any A £ ^{0{r))i 



\lJ.+ \ + \u+\>3 or |/i-|+|i/-|>0 

4 



where in the second step we applied Lemma IC.3.81 and in the last step we made use of the 
fact that the multinomial coefficients are larger or equal to one, and of the multinomial 
formula ()B.1.4p . Clearly, the last expression on the r.h.s. of the above estimate is finite. 
□ 

From relation (|C.2.21I) and Propositions IC.3.5[ ICS.Qi we conclude that for any r > 0, 
S > and ^ G 21(0 (r)) there holds 

p(2)(^)||^_2<oo, (C.3.47) 

what completes the proof of Theorem IC.l.ll Thus we have verified that Condition L^^^ 
holds in massless scalar free field theory, its even part and its sub-theory generated by 
derivatives of the field for s > 3. 



Appendix D 

Verification of Condition L^^^ in 
Massive Scalar Free Field Theory 



In this appendix we verify that Condition L^^\ stated in Section [2.31 holds in massive free 
field theory. In Section fD.il we recall the relevant background material from Appendix [Bl 
In Section (DTJ] we verify Condition L^^\ Section fD.Sl is devoted to its strengthened variant. 

D.l Preliminaries 

We infer from Propositions IB. 5.41 and IB. 5. 51 that in massive free field theory the map 
Qe '■ 21(0 (r)) — > BiTi), given by Qe{A) = PeAPe, has the following expansions for 

Qe{A) = J2 ^4U^)h,v, (D.1.1) 

'p,V 

which converge in the norm topology in B{7i). Here we made use of the fact that Tqo = 

V 

To,o = 1^0- By definitions (|B.5.19p and ()B.5.35p . the operators S-pjy, S-p^-p have the form 

5p,i7 = PEa*{h,,Efa{h.,EfPE, (D.1.3) 
Sjz,v = PEa*{£refa{£refPE, (D.1.4) 

where the vectors {h^, are defined by (|B.4.2p and {cj}^ are the eigenvectors of 
the operator T, given by ()B.4.28p . whose eigenvalues are denoted by {tj}'^. Due to the 
bounds (IB. 5. 231) and (|B.5.36p there holds 

V + 1 ~ — I - ImI + I~I _ _ 

< E^\\u;-2K^E\\t" <Me ' \\K,e\\2 ^^ (D-1-5) 
\\SjiM\ < E^^tPe, (D.1.6) 
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where in the second step of the first estimate we made use of the fact that in the massive 
theory ||ciJ~2|| = m~2 and we set Me = We note that S-p^v = S-p^jy = for |7Z| > [Me] 

or \17\ > [M^;]. Thus, by Lemma IB.S-H the normal functionals t^^, t^^f, entering into the 
sums (|D.l.ip . ()D.1.2p . satisfy the following estimates for any I > 

\\R~'tpIr-'\\ < (2q)'^''V(2[Ms])!||6,,,||Jf , (D.1.7) 
oKImI+I^I) 

||r^,i.|| < ..... <2'^-, (D.l.«^ 



(7I!I7!: 



2 



where q = (12 + 2m^)'/^, the vectors {b^. r}'i' defined by ()B.4.ip and the Sobolev 
norms are given by (|B.3.2|) . Finally, by Lemmas IB. 4. 31 and IB.4.4"t we obtain the following 
bound for any combination of ib-signs and any A, / > 

This concludes the list of auxiliary results which we need to verify Condition L^^"^ . 

D.2 Verification of Condition L^^^ 

Let us first briefiy describe our strategy: By Theorem ll.G.lt observables of the form B*B, 
where G 21 is almost local and energy-decreasing, are integrable i.e. they belong to 

V 

. The operators Sjzj^ are of similar form for ^ and |I7| ^ 0. In fact, we will 

V 

show in Lemma lD.2.21 below that under such restriction IIiSp^tjIIe.! < oo. The role of the 
time-smearing function g, entering into Condition L^^\ is to eliminate all other terms. 

Lemma D.2.1. Let g S S'(M) he s.t. suppg c] — m,m[, where m > is the mass of free 
field theory. Let n>l and /ii, . . . , /i„ G L^(IR'^, d^p). Then 

PE{a{hi) . . . a{hn)) {g)PE = 0. (D.2.1) 

V 

Ln particular, if |7l| = or = hut \Jl\ + |z7| 7^ then Sjz^u{g) = Sjz^vig) = 0. 
Proof. Let ^-i, G n Ds- Then we obtain 

{^i\PE{a{h^)...a{hn))ig)PE'^2) 

dtgit) I d'p, . . . d'pnh{pi)e-'^^P'^' . ..h{Pn)e-"^^P"^\^Mn) . . . a{pn)^2) 



= (2^)2 J d'pi...d'png{-{uj{pi) + ---+Uj{pn))) 

■h{pi)...h{pn){^Mpi)...a{pn)^2) = 0, (D.2.2) 

where in the last step we exploited the support properties of g. Making use of the energy 
bounds (|B.5.22p and the fact that ||iv~2 1| < 00 in the massive theory, we conclude that 

PE{aih)...a{hr,)){g)PE = 0. (D.2.3) 
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V V 

Given the restrictions on (jl,v) in the statement of the lemma, either Sjijp{g) or {Sjijp(jj))* 
is of the form considered above. The same is true for S-p^. □. 

V 

Now we are ready to estimate the || • ||£;^i-seminorms of the operators S-p;u which are not 
covered by the above lemma. We will exploit the fact that for any C G B{TC), which 
satisfies ||C||£;^i < oo, there holds 

||C||e,i < 4 sup I d'x\^{C{x))\. (D.2.4) 
This bound follows immediately from decomposition (jl.6.2p . 

Lemma D.2.2. Let (jl^v) he a pair of 2-multiindices s.t. • ll^l ^ and A > |. Then 
there holds 

\\hM\E,i < CAM™||^,,i5|||+^ (D.2.5) 
where = ^ and c\ is a constant independent ofji, V. 

Proof. For any compact subset ii' C we obtain from the Cauchy-Schwarz inequality 



sup / d"" x\ifi{S-fi^{x))\ 
< sup ( /" d^x|(^(S^,^(x))|)^ sup {[ d'x\^{h,um\y'- (D.2.6) 

We decompose /I into two 2-multiindices Ji = Ji^^ +Jifj in such a way that \jifj\ = 1. 

[ d'x\ip{Sjz,j^{x))\ = [ d'x\^{{a*{h^^EY^PEa*{h^^Ef^a{h^^Ef^PEa{h^,Ef^^^^^ 
Jk Jk 

< \\a{h^,Ef'^PE\\'' I d'x^{{a*{h^,Ef^a{h,,Ef^){x)) 



K 



< ||Vs||^'^'"M|'I / d'x\{h%\U{x)h^^' 

Jak 

< cxMfWK^EWfx- (D-2.7) 



Here in the third step we applied the bound (ID.1.5|) and Lemma IC.3.11 with h = uj^^. 
In the last step we made use of Lemma [0.3.31 and of the fact that ||/||2 < ||/||2,A for any 
/ G L'^iW ,d'^p)\. The second factor on the r.h.s. of relation (|D.2.6p satisfies an analogous 
bound. Thus we obtain 

sup f d'x\^{Sj,^T,{m<M^'^cx\\KAf2f- (D.2.8) 
^er+, Jk 

Making use of the bound (|D.2.4p and redefining the constant cx, we obtain the estimate 
in the statement of the lemma. □ 

Next, we note that if C G B{TL) satisfies ||C||£;^i < oo and g G 5(M) is a time-smearing 
function then there holds 

\\C{g)\\ < \\gUC\\E,i. (D.2.9) 
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This bound is a simple consequence of the Fubini theorem. It concludes the list of auxiliary 
results needed to verify Condition L^^\ Now we are ready to show that for any r > 
there holds the bound 

\\A{g)\\E,i<ci^E,rm'^R% AeMO{r)), (D.2.10) 

where g is defined as in the statement of Lemma ID . 2 . 1 1 and the constant ci^E,r is indepen- 
dent of A. 

Theorem D.2.3. Condition L^^^ holds in massive scalar free field theory for any dimen- 
sion of space s > I. 



Proof. Let g £ 5(IR) be s.t. supp^i c] — m,m[ and / > 0. Making use of relation (jP.l.ip 
we obtain 

(r) 



\\A{g)\\E,i < WR'AR^W \\R'%,vR~'\\\\STid9)\\E,i 



IJ,,U 



< WR'AR'W ||g||iCA(4cfM£;)^^^7(2[M^^ {\KA2,i\\Ke\\2. 



A 



< 



\R'AR'\\ \\g\\icx{4.c^ME)^^y^{2[ME]y. 



[Me] [Me] 
ni=0 K6Ng n2=0 KSNg 

(D.2.11) 



Here in the second step we exploited estimate ()D.1.7p , Lemmas ID.2.11 and ID. 2. 21 and 
relation ()D.2.9p . In the last step we made use of the fact that the multinomial coefficients 
are larger or equal to one and of the multinomial formula ()B.1.4p . The last expression is 
finite by estimate ()D.1.9p . □ 

We conclude this section with a brief comment on the even part of massive scalar free field 
theory (Sl^'^^ a, W^*")), introduced in Section [El There clearly holds for any A £ ^^\o) 
and g G S{M.) as specified in Condition L^^) 



\\A{g)\\E,i < lk(;;U)(5)|b,i < co\\7r^,]{A)\\ = co\\A\\. (D.2.12) 

Here in the first step we made use of formula (|B.2.18P and relation ()B.2.20p . in the second 
step we exploited Condition L^^^ (for / = 0), which is valid in (full) massive scalar free field 
theory by Theorem ID. 2. 31 and in the last step we applied equality (|B.2.17p . We obtain: 



Corollary D.2.4. Condition L^^^ (a) holds in the even part of massive scalar free field 
theory (21^"^, a, for any dimension of space s > 1 . 

We conjecture that this model satisfies part (b) of Condition L^^^ as well, but we do not 
have a complete argument at the moment. 
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D.3 Verification of Condition L^^^ 

In this section we verify the strengthened variant of Condition L^^\ In addition to the 
bound ()D.2.10p above, we have to show that the operators A{g), where ^ G 2tc and g is 
supported in ] — m, m[, can be approximated by elements from ^{g) = {C{g)\C & \n 
the T^^^-topology introduced in Section [2.31 In view of relation (j2.3.19p we have to find, 
for any E > and e > 0, an observable C £ C s.t. 

\\A{g)-C{g)\\E,i<e. (D.3.1) 

We will accomplish this task in the last part of this section. (See relations ()D.3.16p 
and ()D.3.17p below). The key observation is that in massive scalar free field theory, for 
IT^I • IT'I / 0, there holds 

SjT,v = PeB^Bt^Pe, (D.3.2) 

where S-p^v is given by ()D.1.4p and B-p, By € 21 are energy-decreasing and almost local 
observables which depend on E. This fact is established in the following lemma. 

Lemma D.3.1. Let s > 1 and e G L'^(R*,d*p) be s.t. Je = e. Then, in massive scalar 
free field theory, for any E > there exist operators B^ S 21 which are almost local, 
energy- decreasing and s.t. a(Cfe)PE = B^Pe- 

Proof. We consider only the (+) case as the (— ) case is analogous. Without loss of 
generality we can assume that [Me] > 1 and ||/2^e|| ^ 0. We pick a function h G S{M.) 
which satisfies, for n G {0, 1, . . . , 2[M£;]}, 

(iue-^"'ll^^^ll'n'^/i(n) = -i6n,i. (D.3.3) 

Such function can be constructed as follows: Let /n(u) = e~ a^^H^'^'^H^ii". In the subspace 
X = Span{ /o, /2, . . . , /2[Mb] } of du) we can construct, with the help of the Gram- 

Schmidt procedure, an orthonormal basis {go, g2, ■ ■ ■ , 92[Me] } consisting of Schwartz- 
class functions. We introduce the projection on X 

Px = \9o){go\ + |52)(5'2| + • • • + \92[ME])i92[ME]\ (D.3.4) 

and note that (I — Px)fi / 0, since the functions are linearly independent. We 

set 



Px)f: 



It is manifestly a Schwartz-class function which satisfies (|D.3.3p . 

Next, we note that e*"('^('^- '^)+'^*('^^^)) G 2l(C'(r)) for any u G R. (In fact, there 
exists a sequence G (1 + J)C^ s.t. lim„^oo \\fn ~ ^t^\\2 = 0. Thus, by Theo- 
rem X.41 (d) of |RS2j . the corresponding sequence of Weyl operators W{ufn) converges 
to g,'^^iM^r e)+a* {Cr e)) -^^ strong operator topology). Also the weak integral 

A = J (ine™(''(^^"^+''*(^^^))/i(u) (D.3.6) 



120 Appendix D. Verification of Condition L^^^ in Massive Scalar Free Field Theory 

defines an element of 21(0 (r)) by the von Neumann bicommutant theorem. This operator 
satisfies 

PeAPe = PE[a*{Cte) + a{Cte))PE. (D.3.7) 

In fact, let ^'i, \I'2 £ PeT~(-- Then, making use of the fact that ^^i, ^'2 belong to Df in a 
massive theory, we obtain 

^^^-^u^c+ef y V^) (^i|Q*(£+e)"ia(£+e)"^'^2)/t(n) 
^ ni\n2\ 

= (^i|(a*(£+e)+a(£+e))*2), (D.3.8) 

where in the first step we proceeded to the normal ordered form of A, in the second step 
we expanded the resulting exponentials into (finite) power series and in the last step we 
made use of relation ()D.3.3p . Finally, we pick a function / G S'(M) s.t. /(po) = (2vr)~2 
for G [— w-i —E] and f{p^) = for ^ [— ^m, —2E\. By smearing both sides of equal- 
ity (ID.3.7|1 in time with / we obtain A{f)PE = a{C^e)PE where we made use of the fact 
that A{f) is energy-decreasing. Since it is also almost local, the proof is complete. □ 

Thus we have verified relation ()D.3.2p . It remains to establish suitable convergence prop- 
erties of expansion (ID.1.2p . For this purpose we need the following lemma which is similar 
to Lemma lD.2.21 above. 

Lemma D.3.2. Let he a pair of 2-multnndices s.t. ■ ^ 0. Then there holds 

in massive scalar free field theory for any s > 1 

\\StzM\e,i < Cr,EE^^t'P+'', (D.3.9) 
where the constant Cr^E is independent ofjl, v. 

Proof. For any compact subset C we obtain from the Cauchy-Schwarz inequality 
sup / d^ x\lp[Sji^{x))\ 

< sup ( /" d'x\^{Sj,j,{x))\)'' sup ( /" d^x|v.(5^,^(f))|)5. (D.3.10) 

We decompose ]! into two 2-multiindices 7^ = /"a + T^b in such a way that = 1. 

/ d'x\ip{Sjiji{x))\= I d'x\^{{a^Cref>'PEa^£ref'^a{Crer'^PEa{Cref'){x))\ 
Jk Jk 

<\\a{Cre)'P-PEf I d'xf{{a*{CreY''a{Cref'^){x)) 



< ^l'^lt2M« sup \hr{p)t^ [ d' 
u}{p)<E JaK 



K 

1 r 



x\{uJ2hr {Cr-eT' I U{x)uJ^hr (^r-e)^" ) | 

< c2^Sl''lt2P.(D.3.11) 
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Here in the third step we apphed the bound ()D.1.6P and Lemma IC.3.11 with h = h~^, 
where hj. entered into the definition ()B.4.28P of the operator T. In the last step we made 
use of Lemma [C 3 . 71 which guarantees the convergence of the integral in the massive case. 
The second factor on the r.h.s. of relation ()D.3.10P satisfies an analogous bound. Thus we 
obtain 

sup /" <c2^^^t'^+^. (D.3.12) 

Since the r.h.s. is independent of K, we can take the limit K ^ M.^. Now the statement 
of the lemma follows from the bound ()D.2.4p after readjusting the constant Cr^E- D 

The last auxiliary result which we need to establish Condition L^^^ is the following summa- 
bility property. 

Lemma D.3.3. Let g S S'(M) be s.t. suppg c] — m,m[. Then, for arbitrary dimension 
of space s > 1, in massive scalar free field theory of mass m there holds the bound 

||t7i,f|| ||5'p,i7(5)||e,i < oo. (D.3.13) 

]I,V 

Proof. Making use of Lemma ID. 2. 11 we get 

\\r]i,u\\ \\S^,t7{9)\\e,i = \\r-ji,v\\ \\Sij,t7{9)\\e,i 



< 2'^'-Cr,E\\9\\l E E^tT'+'' 



\^l+\<ME 

Here in the second step we made use of Lemma ID. 3. 21 estimate (|D.1.8P and the 
bound (|D.2.10p . The last expression is finite due to the following relation 

Me Me 
i?Vt/^+ = ^i?l tM+<gj^|||T||J, (D.3.15) 

\tl+\<ME \f^+\=k 

where in the last step we made use of the fact that the multinomial coefficients are larger 
or equal to one and of the multinomial formula (IB.1.4p . □ 

According to Lemma ID. 3. 31 for any e > there exists a finite set A^f of pairs of 2- 
multiindices s.t. 

WMg)- Y r-p,v{A)Sj,,v{9)\\E,i<e. (D.3.16) 
{ji,v)eMc 

In view of relation ()D.3.2p . proved in Lemma lD.3.H there exists C £ <L s.t. 

Y rji,T,{A)Sj,,T,{g) = PEC{g)PE. (D.3.17) 
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Substituting this formula to relation ()D.3.16P we establish property ()D.3.ip . We summa- 
rize: 

Theorem D.3.4. Condition L^"^^ holds in massive scalar free field theory for any dimen- 
sion of space s > 1. 



Appendix E 



Verification of Condition A^^^i in 
Scalar Free Field Theory 

It is the goal of the present appendix to verify that Condition N^^, stated in Section [3.51 
holds both in massive and massless scalar free field theory. The argument relies on 
Lemma IE.2.H stated below, which is a variant of Theorem 11.6.11 adopted to the prob- 
lem at hand. This result is combined with Lemma IC.3.71 which describes the decay of 
correlations between certain operators under translations in space. 

The necessary background material from Appendix [B] is summarized in Section lE.li 
The verification argument, based on the publication |Dy08.2| of the author, is given in 
Section Q 

E.l Preliminaries 

The main object of our interest is the map 11^ : Te — > 2lc(0(r))*, given by 

^sif) = "fl^^ioir)), V^Te (E.1.1) 

for some ii^ > 0, r > 0. In order to find a suitable expansion of this map into rank-one 
mappings, we note that there holds 

Il%{^){A) = ip[QE{A)), A G 2lc(0(r)). (E.1.2) 

The map 9^ : 2l(0(r)) B{n), given by @EiA) = PeAPe, was thoroughly studied 
in the literature |BP90[ IBosOOj and we summarized the relevant results in Appendix [Bl 
In particular, we recall from Proposition IB. 5 .51 the following decomposition into rank-one 
maps 

OEiA) = ^ T-p,viA)Sj,,v, A e 2t(0(r)), (E.1.3) 

where the sum extends over all pairs of 2-multiindices and converges in the norm topology 
of B{TC). According to definition (jB.5.35p and estimate (|B.5.36p . the bounded operators 
S-p^y are given by 

Sj,,v = PEa*{CreYa{CrefPE (E.1.4) 

and satisfy the bound 

\\Sji;u\\ < E^^^tPf. (E.1.5) 



123 



124 



Appendix E. Verification of Condition A'^jj in Scalar Free Field Theory 



Here {cj}^ are the eigenvectors of the operator T, defined by (|B.4.28p . and {tj}f are the 
corresponding eigenvalues. The normal functionals Tp^n can be estimated as follows 

2l(lMl+N) 

||Tp,i7|| < -. (E.1.6) 

(7i!t7!)I 

(See relation (jB.5.34p ). In view of equality ()E.1.2p we obtain from (jE.l.Sp the following 
expansion for any ip £ Te, A £ 2tc(C'(r)) 

U%{^){A)= ^--(^1)^(5^-), (E.1.7) 

where we made use of the fact that ro,o = ^o- We associate with operators S-p^j; elements 
of T^, denoted by the same symbol, given by Te 9 99 ^ ip{S-fi;y). Their norms are clearly 
equal to the operator norms of 5'^,f- Thus we obtain from Proposition IB . 5 . 5l and definition 
of the p-norms stated in Section [ 



ini;ii^< \\^Tip\nsTi,vr < ^- (E.i. 



(|7I|,|4)^(0,0) 



That is, the maps 11^ are p-nuclear w.r.t. the standard norms on £(Te, 2lc(0(?'))). We 
will use the same expansion ()E.1.7p to estimate the p-norms of these maps w.r.t. the 
norms || • ||xi,...,xiv) given by (j3.5.3p . There clearly holds the bound 

llnilU,...,.^ < ( E l|r7i,i7ri|57i,i7||S,,...,.,y. (E.1.9) 
(|m|,|F^)^(0,0) 

To verify Condition N^, we have to find estimates on the norms ||5'p^i7|Ui,...,xjv whose growth 
with N can be controlled at large spacelike distances Xi — Xj for i / j. We undertake this 
task in the next section. 



E.2 Verification of Condition 

The crucial ingredient of the argument is following lemma which is inspired by Lemma 2.2 
from |Bu90| . (See also Theorem ll.6.ip . Similarly as in Lemma [C.3.H the present estimate 
is uniform in the particle number and depends only on the energy of the state in question. 
This result substantiates the underlying physical idea of additivity of energy over isolated 
subregions. 

Lemma E.2.1. Let E > and h be a Borel function on which is bounded on {p £ 
M.^\uj{p) < E}. We denote the operator of multiplication by h on L'^ [M.'^ , p) by the 
same symbol. Suppose that g £ L^(M*,(i*p) is in the domain of hto^ . Then, for any 
xi, . . . , xat £ M*"'"^, there holds the bound 

N 

\\Pe Y{a*{hLo^^g)a{hu:'2g)){xk)PE\\ 

k=l 

<E sup \h{p)f{\\g\\l + {N-l)snp\{g\U{x,-Xj)g)\}. {E.2.1) 
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Proof. We pick single-particle vectors ^'1,51 € L'^{W,d'^p) and define Q = 
J2k=ii^* (.9i)a{gi)){xk). Then there holds 

N N 
(^ilQQ^i) < Y,{^i\{a*{gi)a{gi)){xi)^,)Y,\{U{xk)9i\U{xi)gi)\ 

1=1 k=l 

< {^i\Q-i'i){\\gi\\l + (N - l)snv\{U{xj)gi\U{xM\}, (E.2.2) 

where we made use of the fact that a{U{xk)gi)a(U{xi)gi)'^i = and of the Cauchy- 
Schwarz inequality. Since (^'ilQ^i)^ < we obtain 

N 

5](^i|(a*(5i)a(5i))(x,)^i) 

k=l 

< \\^if{\\9i\\l + (N - l)snp\{U{xj)gi\U{xM\}. (E.2.3) 

Next, let n > 1 and G -Pe'H be an n-particle vector s.t. the corresponding symmetric 
wave-function "ifnipi, ■ ■ ■ ,Pn) belongs to S'(M*^"). We also introduce a single-particle 
wave-function associated with ^„ given by ^i{pi)^2,--;Pn ~ ^{'Pi)'^^{Pi)'^n{pi-, ■ ■ ■ iPn)-, 
where we treat p2, . . . ,Pn as parameters. With the help of relation ()E.2.3P we get 

N 



J2i'^n\{a{hu}2g)a{huJ2g)){xk)'^n) 
k=l 

= n d''p2...d''pn^i'^i,p2,...,pj{a*{g)a{g)){xk)'i> 



l,P2, — ,PnJ 

k=l 

2, 



<nj d'pi...d'pn\h{pi)\'uj{pi)\^n{pi,---,Pn)\ 

■{\\g\\l + {N- l)sup Kr7|C/(x, - x,)g)\}. (E.2.4) 

Finally, we note that 

n J d'pi...d'pn\h{pi)\'^u;{pi)\^n{pi,...,Pn)\'^ 

< sup \h{p}\'^ d'pi...d'pn{uj{pi) + ---+Uj{pn))\'^n{pi,---,Pn)\'^ 
uj(p)<E J 

< sup \h{p)\^E\\^nf, (E.2.5) 

ui{p)<E 

where we made use of the fact that the wave-function is symmetric. Since the operators 
{a* {g)a{g)){xk) conserve the particle number and vectors of the form ^ = cqQ- + Y1^=i 
where = |coP + Yl!^=i ll^nP < °o, are dense in Pe'H, we easily obtain the bound in 
the statement of the lemma. □ 

Our next task is to control the expressions appearing on the r.h.s. of estimate ()E.2.ip . 
Similarly as in Subsection IC.3.31 we recall from Lemma IB. 4. 51 that Th^± = UJ' are 
bounded operators for any ^ < 7 < and > 0. Thus we can set in Lemma IE. 2. II 
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h = and g = uj~^hrCf^e, where e is an eigenvector of the operator T given by ()B.4.28p . 
The resulting estimate, studied in Proposition IE.2.41 below, relies on the decay properties 
of the functions 

M"+^ 3x^ {uj-^hrCfe\U{x)oj-^hrCfe) (E.2.6) 

which appear on the right-hand side of relation (|E.2.ip . We studied these functions for 
X = (0, x) in Lemma IC.3.71 In order to obtain estimates which are valid for arbitrary 
spacelike translations x, we recall, in a slightly generalized form, the following result from 
|BDL87) . 

Lemma E.2.2. Let J > 0. Then there exists some continuous function f{uj) which de- 
creases almost exponentially, i.e. sup^ |/(w)|el'^l'' < oo for any < k < 1, and which has 
the property that for any pair of operators A, B s.t. belongs to their domains and to 
the domains of their adjoints, satisfying 

{n\ [A, e'^^Be-'^"] fl) = for \t\ < 6, (E.2.7) 

there holds the identity {n\ABn) = ^{{n\Af{6H)Bn) + {n\B f{6H)An)} . 

With the help of the above lemma we prove the desired bounds. 

Lemma E.2.3. Assume that s > 3. Let e £ L'^{W^ , d^p) satisfy Te = te, Je = e and 

\\e\\ = 1. Then, for any e>0, 0<k<1 and x £ s.t. \x\ > there hold the 

estimates 

\{hrU~'^Cte\Uix)hru;-'^Cte)\ < '^(i^. |^o| + 1).-2-. > (E-2.8) 

where the constant Cr^e,K{inn.) >! is independent of x and e, and finite for any m > 0. (If 
m > 0, the bound holds for s > 1). 

Proof. First, we define the operators 4>'^{e) = -^[a*{hrC^e) + a{hrC^e)), (t)~{e) = 

-^[a*{ihrC~e) + a{ihrC~e)) and their translates 0^(e)(x) = U{x)(j)^{e)U{x)~'^. Since 

the projections Cf and the multiplication operators hr commute with J, and Je = e, the 
operators (j)^{e) are localized in the double cone of radius 2r centered at zero. In fact, by 
definition of the projections we can find, for any e' > 0, functions g± G D{Or)R s.t. 
\\Cfe — a;^2^_|_||2 < e' . Setting = (27r)~2/i^ * we obtain from definitions ()B.2.4p . 
(|B.2.5P of canonical fields and momenta the following bound 

U^ie)^ - MF^M = -^WKCfe - hru:^^g±\\2 < iM^. (e.2.9) 

\/2 V 2 

Thus for X G M'^+^ s.t. + x and are spacelike separated and for any combination 
of lb signs there holds 

[<P^{e),ct>^ie)ix)] = m^^{e),<P^{e){xm = 0. (E.2.10) 

Now we are ready to prove the desired estimate: We assume without loss of generality 
that > 0, introduce functions G^{t) = {hrCfe\uj~^U{x + Teo)hrCfe) for < r < x^, 
where eo is the unit vector in the time direction, and consider the derivative 



dG^ji 
dT 



2\{^\(l)^{e)<j)^{e){x + Teo)n)\. (E.2.11) 
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We define St = \x\ — t — and assume that \x\ — > 5r what guarantees that 5r > for 
< r < x^. Then, by relation ()E.2.10p . </>^(e) and </>^(e)(x + reo) satisfy the assumptions 
of Lemma lE.2.21 with 5 = 6r- Making use of this result, we obtain 



< ^-^^ll^'-lloo sup|u;27el'^7(a;)|e-3'"''(l^|-^°-40^ (E.2.12) 
Next, we set 7 = ^"^^^ for < e < 1 and arrive at the following estimate 



\{io~ihrCte\Uix)io-^hrCte)\ = \G^{x°)\ < |G^(0)| + / dr 





dr 



c,,.(m)e-|(f)-(l-1-°)-t^ 
^ (1^1 _ ^0 + i).-2-. '(E-2.13) 

where in the last step we applied Lemma IC.3.71 and estimate ()E.2.12p . Since the l.h.s. of 
relation ()E.2.13P satisfies a uniform bound analogous to ()C.3.33p . we obtain the estimate 
in the statement of the lemma. □ 

Now we are ready to prove the required estimates on the norms of the functionals Sjjj^. 

Proposition E.2.4. Given a family of points xi, . . . ,xj\[ G we define d{x) = 

mfi^j{\xi — Xj\ — \x^ — x^\). For s > 3, 5{x) > 0, {\jl\,\T'\) / (0,0) and any e > 0, 
< K < 1 the functionals S-p^v satisfy the hound 

\\ST^M\L...,.r. < 16c.,,,.M sup \Km~'E\^\+\^\t'(-p+^U 1 + (iV - 1) %^ l,,Z2-s ' 

(E.2.14) 

where the constant Cr^e,K{fn) > 1 appeared in Lemma \E. 2.3\ and is finite for any m > 0. 
(If m > 0, the bound holds for s > 1). 

Proof. We denote by the set of positive functionals from Te^i- Making use of the 
definition of || • ||a;i,...,a;jv) decomposition ()1.6.2|) and the Cauchy-Schwarz inequality we 
obtain 

N N 

\\S-p,u\\lu-,XN = ^\Vxk{Sji,u)\'^ <IQ sup ^|99^.,(a*(£re)^a(£,.e)^)P 

N 

<16 sup ^(^,,(a*(£,efa(£,ef) (^,,(a*(£,efa(£,en 

'''£'^£^1 fc=l 

TV 

< 16i?l^li2P||P^^(a*(£,efa(£,en(x,,)PE||, (E.2.15) 

k=l 

where in the last step we applied the bound ()E.1.5p . We can assume, without loss of 
generality, that F 7^ and decompose it into two 2-multiindices V = T'a+T'fj in such a way 
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that = 1- Since a{CreY = a{CreY°-a{CreY'' we get 

N 

Pe Y,i(^*i^refa{Cref){xk)PE 

k=l 

N 

= Pe Y,^a\CreY^PEa%CreY-a{Cref'^PEa{Cref^){xk)PE 

k=l 

N 

< MCref'' PeW^Pe ^ia*{£reY'a{£reY')ixk)PE 

k=l 

N 

= E\'''^h'^-PEY.{a*{Cr.eY'a{CreY%Xk)PE, (E.2.16) 

k=l 

where in the last step we used again estimate ()E.1.5P . From relations ()E.2.15P and (|E.2.16P 
we obtain the bound 

N 

< 16i?l^l+l^'"lt2(P+-")||P^^ (a*(Cef''a(£,er)(xfc)Pi,||. (E.2.17) 

k=l 

From Lemmas IE.2.11 and IE. 2 .31 we get 

AT 

V (a*(£ref'a(£^ef'')(xfc)PE|| <E sup \hr{p)\~'^ {\\hr^~^{CreY''f 
k=i -{P)<^ 

+ {N - l)sup\{hriO-^{CreY'\U{xi - Xj)hrUJ~^CreY')\} 

<cr,,,.{m) sup |/i,(p-)r2^t2I7, h^(^_-^)^J^^_^ (E2.18) 
cv{p}<E I {d{x) + IY " } 

Substituting inequality (|E.2.18P to formula ()E.2.17p . we obtain the estimate in the state- 
ment of the proposition. □ 

We note that the bound from Proposition IE. 2. 4l has a similar structure to estimate (lE.l.Sh 
for the ordinary norms of Sjz^i^. Therefore, making use of formulas (jE.l.OP and (|E.1.6p . 
and proceeding as in the proof of Lemma lB.5.51 we obtain 

( °° (2^ F)hP^\\TP\\^\ p 
T.- — J: 

It follows that lim sup5(^)^oo ||n|;||p,xi,...,Xiv satisfies a bound which is independent of N. 
Consequently, we get 

Theorem E.2.5. Condition N\j^ holds in scalar free field theory in s > 3 dimensional 
space. (If m > 0, the same is true for s > 1). 
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It is obvious that Condition A^ti holds also in the sub-theory {^^'^\a,H), generated 
by derivatives of the field, since all our bounds remain valid if one restricts attention 
to a smaller set of observables. It also holds in the even part of scalar free field theory 
as can be seen by the following argument: We consider the map 11% : T^'^ —>■ 
^'c\0)* given by 

^Ei^) = ^\^'^\o) ^ (E.2.20) 
Due to formula (1B.2.18P we obtain 

mi^M) = n|(.(e)^)(7r(;J(4)) (E.2.21) 

for any ip G and A G ^^\o). Thus the expansion of the map 11^ into rank-one 

mappings, given by (lE.l.Tp . induces a corresponding expansion of the map 11% 

m{^){A)= E Zj,,AA)S-pd^), (E.2.22) 
{|mMf|)^(o,o) 

where T-pjj{A) = Tp^vi'T^'f^J^iA)) and S_-p^j^{(p) = S-p^v{i'{e)f)- Making use of the facts that 

WAW = and \\(p\\ = ||i(g)(^||, justified in Section [6.21 we obtain that ||tjj^j7|| < 

\\T-p^T^\\ and \\ S_j[^v\\xu ...,XN < \\Sjz,v\\xi,...,xn- It follows that the p-norms \\Il%\\p^^^^,„^^^ satisfy 
the bound (|E.2.19p . Thus we obtain 

Corollary E.2.6. Let s > 3. Then Condition holds in the even part of scalar free 
field theory {^^'^\ a,7{^'^'') and in the sub-theory (21'''^^, a, Ti) generated by derivatives of the 
field. (If m > 0, the same is true for s > 1). 



130 Appendix E. Verification of Condition in Scalar Free Field Theory 



Appendix F 



Verification of Condition C)^ in 
Massive Scalar Free Field Theory 

We showed in Theorem 13.3.11 that the quahtative part (a) of Condition holds in all 
theories satisfying Condition Cy, in particular in (massive and massless) scalar free field 
theory in physical spacetime |BP90| . Moreover, we argued in Section [3.31 that in physi- 
cally meaningful, massive theories there should also hold the strengthened, quantitative 
part (b) of this condition. We demonstrated that this quantitative refinement has a num- 
ber of interesting consequences pertaining to the vacuum structure. It is the goal of the 
present appendix to illustrate the mechanism which enforces Condition C\, (b) by a direct 
computation in the theory of massive, non-interacting particles. 

This appendix is organized as follows: In Section IF. II we present the proof relying on 
some technical information stated in Lemma IF. 1.31 below. The remaining two sections are 
devoted to the proof of this lemma. 

F.l Main Line of Argument 

In Section 13.21 we introduced, for any x G Fat 5 and ip £ Te, the following elements of 
(2t(0(r))x^)* 

ipg{Ai x---xAn) = ^{Ai{xi) . . . An{xn)) (F.1.1) 
and considered the maps IIe,n,5 S ^C^e x ^n,s, (2l(0(r))^^)*) given by 

'nE,N,5iy^,x) = ip^. (F.l. 2) 

In Section [3T3l we introduced the maps ^ ^ G C{Te x T^^s, {^c{0{r))^^)*) defined as 

^E,N,5i'^^^) = ^E,N,s{'P,x)\<2i^^a(r))>^^- (F.1.3) 

It is our goal to show that lim^^o ||n^ ^^|| = 0. Then, by Lemma l3.3.2| there follows the 
statement of Condition C\, (b). 

Theorem F.1.1. The massive scalar free field theory satisfies Condition C\, for any di- 
mension of space s > 1. 

Proof. The main ingredient of the proof consists in the following elementary evaluation 
of the A^-linear form 11^^ ^5(93,^), where p S Te^i, x G Tn,s, on the generating elements 
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of 2tc(C(r)). We pick fi,...,fN S Cr, abbreviate their translates U{x)fj as fj^g and 
compute 

^E,N,si'^^^){ {W{h)-iOo{W{h))I} X ••• X {W{M-u;o{W{M)I}) 
= V{ - MW{h))I) . . . {WifN,sJ - MWifN))!) ) 

Ri,R2 ^ 

= Y (-i)l^2|g-|ELillMlie~^^^^*<'^l«il^''^^''='"^«fc'-^"""^'i^ 
Ri,R2 

= Y (-l)l^2le-i^^=ill-^'=ll2(e"^^^''<'^l-^il^''^^''='"^»fe'^'''"^'!^ - 1) 
RuR2 

+ e-l E^.. IIMIi Y i-l^M-- W^(/n,x., + " " " + A,,^, ) 0, (F.1.4) 
Ri,R2 ^ 

where the sum extends over all partitions i?i = (ii, . . . , R2 = {ji, ■ ■ ■ > J|i?2|) °^ ^' 

element set into two, possibly improper, ordered subsets. (If the condition 1 < k < I < \Ri\ 
is empty, the corresponding sum is understood to be zero). In the second step we made 
use of the fact that the Weyl operators are localized in spacelike separated regions. In the 
third step we applied the identity W{f) = e~2ll/ll2 ; W{f) : and in the last step we divided 
the expression into two parts: The first part tends to zero for large spacelike separations, 
due to the decay of |/2,a;2) when X1 — X2 tends to spacelike infinity. In the next lemma 
we show that the last sum on the r.h.s. of (jF.1.4p vanishes for > 2^, so we can omit 
this last term in the subsequent discussion. 

Lemma F.1.2. Let ip G Te o-n-d N > 2^ be a natural number. Then there holds 

S:= W^(/n,x, + • • • + ) = 0, (F.1.5) 

Ri,R2 ^ 

where the sum extends over all partitions of an N -element set. 

Proof. For any / E L'^{W,d^p) we introduce the map M{f) : B{n) B{n) given by 

M{f){C) = P£;e^"*(^)Ce^"(^)PB, C G B{n). (F.1.6) 

The exponentials are defined by their Taylor expansions which are finite (in the massive 
theory) due to the energy projections. The range of M{f) belongs to B{TC) due to the 
energy bounds (IB.5.22p . We note that M(/i)M(/2) = M(/2)M(/i) for any /i,/2 G 
L'^{W,d'p) and that M(0)(C) = PeCPe for any C G B{n). We denote by I the identity 
operator acting from B(7i) to B{7i). There clearly holds 

S = ^(-l)l«^lv.(M(/,,,.^^J...M(/,^^„.^^^^J(/)) 
Ri,R2 

= (^((M(/i,,^J -/)... (Mifr,,^^) - /)(/)) 

= ^{{Mih^^,) - M(0)) . . . {Mifr,,^^) - M(0))(/)) , (F.1.7) 
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where the last equahty holds due to the fact that S Tg. Finally, we note that for any 
C e B{n) 

{M{f) - M(0)) (C) = P^^^^^^C^^^^Pe. (F.1.8) 

k+l>l 

Substituting this relation to (|F.1.7p we verify the claim. □ 

We will exploit formula (1F.1.4P to show that for > 2^ the norms of the maps ^ ^ 
tend to zero with 5 —> co. To this end, we introduce the *-algebra %{p{r)), generated 
by finite linear combinations of Weyl operators, and denote by (2t(C'(r))^*^)* the space 
of (not necessarily bounded) M-linear forms on 2l(0(r)). We define the maps ^ 5 '■ 
Te X Tm,5 —>■ {^{0{r))^'^'^)* , linear in the first argument, extending by linearity the 
following expression 

U'E^,,4^,x){W{fi)x---xWifM)) 

= e-iEf.i IIMIi(e-Ei<,<,<MRe(A.sJ/..s,> _ w{h^^, + ■■■ + fM,gJ :). (F.1.9) 
We obtain from ()F.1.4p the equality valid for A > 2^ 

U%^^^si^,x){{W{h) - ujoiWih))!} X ••• X {W{fN)-u;o{W{fN))I}) 

= (-l)l^^lo;o(mi))---^o(m,«,|))- 
Ri,R2 

where := (xj^, . . . is clearly an element of r|/j^| 5. To conclude the argument 

we need the following technical lemma. 

Lemma F.l. 3. For any M £ 'N, E > 0, double cone 0{r) and sufficiently large 5 > 
(depending on M, E and 0{r)) there exist maps II"e,m,5 ^ ^i'^E x T M,5,{^{0{r))'^^')*) 
which have the properties 

(a) lim^^oo l|n'^,M,5ll = 0' 

(^) n'i;_M,5(¥''^)(^i®- • -^^m) = n'^_jv/,5(<^'^)(^ix - • - x^m) /or Ai, . . . , Am G HO{r)) 
and any ^Te x Tm,S- 

In view of this lemma, whose proof is postponed to Section [F. 21 equality (|F.1.10p can now 
be rewritten as follows, for sufficiently large A, 5 and any ^i, . . . , Ai^ E 2tc(C'(r)) 

nE,7v,5(<^,^)(^i x---xAn) = II"e^n^5{'^,x){Ai • • • An), (F.l. 11) 

where we made use of the facts that ojq{Ai) = ■■■ = ojq[An) = and that 2t(C'(r)) 
is dense in 21(0 (r)) in the strong operator topology. Consequently, for A > 2^, the 
maps share the properties of 11^ stated in Lemma lF.1.31 In addition, we know 

from Theorem 13.3.11 that the maps ^ ^ are compact for any 5 > 0. We conclude that 
Condition C\, is satisfied. □ 

Now it easily follows that Condition C\, is also satisfied in the even part of massive scalar 
free field theory (2t^*^\ a, W ('')), introduced in Section [B.2[ There we have shown that for 
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any A E 21^'^-' and (p G T^, there holds ||^|| = ||'/r^gj"(A)|| and = ||i((,)93||. Making use 
of these equalities and formula ()B.2.18p . one easily obtains the bound 

where the map on the l.h.s. is defined within (2t^''\ a, W^'^^) and the mapping on the r.h.s. 
corresponds to the full massive scalar free field theory. Thus there follows the corollary: 

Theorem F.1.4. The even part of massive scalar free field theory {^^^\ a-i'H^'^^) satisfies 
Condition C\, for any dimension of space s > 1 . 

We remark that the assumption m > is used only in one (crucial) step in the proof 
of Theorem IF.l.ll namely to eliminate the last term in relation (IF.1.4P and establish 
equality (jF.l.lip . The properties of the maps m 5^ stated in Lemma [F.1.31 hold in 
massless free field theory as well. However, we do not expect that the present Condition C^, 
holds in massless theories as it stands. There, due to the existence of states with arbitrary 
number of particles in Te, the maximal number of localization centers A^Oj visible in 
an experiment, should depend not only on the energy E of the state, but also on the 
experimental accuracy e. We conjecture that an accordingly modified condition has similar 
physical consequences to the present one and that it holds in massless free field theory. 



F.2 Proof of Lemma F.1.3 

The goal of this section is to construct the maps n'^_M,5 ^ ^i'^E x Tm,s, (^(©(r))®*^)*) 
and verify that they have the properties (a) and (b) specified in Lemma IF. 1.31 We will 
define these maps as norm-convergent sums of rank-one mappings, i.e. 

oo 

K,M,5 = J2^iS^, (F.2.1) 

i=l 

where n G (2l(0(r))®^^)* and 5, G £{Te x Tm,s,C). 

In order to construct a suitable family of functionals Tj, we recall the relevant re- 
sults from |BosOO) . which we reproduced in Proposition IB. 3. II For any 2-multiindex 
JI = and an orthonormal basis {ej}f^ of J-invariant eigenvectors in the single- 

particle space L^(M'', d^p) there exists a normal functional vp on Biji) s.t. for any f £ Cr 
there holds 

r-piWif)) = e--^Mhe\f+rUe\f-r~ , (F.2.2) 

where /"*", /~ are the real and imaginary parts of / in configuration space. These func- 
tionals satisfy the bound 

Wt-pW < 4l'^^l+l^" I !//-!) i (F.2.3) 

Turning to the definition of suitable functionals on B{7i)^^ , we introduce M-tuples of 
multiindices fi^ = (^^, . . . , /x^) and the corresponding 2M-multiindices /i = (^+, We 
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extend the standard rules of the multiindex notation (see Section IB.ip as follows 



1=1 

M 

/f! = U^'tW'-^ (F-2-5) 

i=l 
M 

{e\fr = ll^e\ft)>'t {e\fr)'^^ , (F.2.6) 

i=l 

where /i, . . . , G Cr- Now for any 2M-multiindex we define a normal functional 
on B{7i)^^^ by the expression 

r/. = T^, ®---®T^,,. (F.2.7) 

From relations ()F.2.2p . (|F.2.3P and the polar decomposition of a normal functional |Sa| 
one immediately obtains: 

Lemma F.2.1. Let {ej}^ be an orthonormal basis in of J -invariant eigenvectors. 

The Junctionals G {BiTi)®^'^)* , given by {F.2. 7\ ), have the following properties 

(a) T^(VF(/i) • • • W{fM)) = e-i S"=i ll^'=ll'(e|/)^, 

(b) ||r^||<4lH(/x!)l, 
where /i, . . . , /m G ^r- 

In order to construct a basis {ei}i^ in -L^(M'^,d*p) of J- invariant eigenvectors, which is 
suitable for our purposes, we modify slightly our discussion from Subsection IB.4.21 (based 
on |BP90t IBosOOj ) . Let be the projection on states of energy lower than E in the 

single-particle space. We define the operators = QeC^ ^'^'^ '^t — ^ ~ i where 
< K < 1. By a slight modification of Lemma [B. 4. 51 one finds that these operators satisfy 
||r^||i < oo, II 111 < oo, where || • ||i denotes the trace norm. Next, we introduce the 
operator T given by 

f = (|f +|2 + |f^|2 + |f +|2 + |f-|2)i (F.2.8) 

Making use of the estimate ||(yl + -B)p||i < ||^p||i + ||-BP||i, valid for any < p < 1 and 
any pair of positive operators A, B s.t. , B^ are trace-class [Ko84] . we obtain 

||T||i < ||f+||i + ||f^ 111 + ||f+||i + ||f-||i < oo. (F.2.9) 

Since T commutes with J, it has a J- invariant orthonormal basis of eigenvectors {ei}f 
and we denote the corresponding eigenvalues by 

Now we proceed to the construction of the functionals Si G C{Te x Tm,&-, C), to appear 
in the expansion (|F.2.ip . Let = (af • • • i Q^m-i m) (^)-tuples of multiindices and 
let a = (a+, a~) be the corresponding 2 (^^) -multiindex. First, we define the contribution 
to the functional which is responsible for the correlations between measurements: 



i<i<j<M yjalj -l^tr^^ij ^-l^ij ! 



• {n\a{c;e^x^"a*{/:;e^f^,^n), (F.2.10) 
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where we use the short-hand notation C^Ci^g. = U{xj)C^ei. The functionals in question 
are given by 

>+l+lil+l+2|M-| 



S^^^^{^,x) = ^^F^0Ma*{£re^)!±a{£reg)^), (F.2.11) 



where if G and x S Tm,5- The norms of these functionals satisfy the bound, stated in 
the following lemma, whose proof is postponed to Section IF.3I 

Lemma F.2.2. The functionals S ,, i £ C{Te x Tm given by liF.2.11\) . satisfy the 
following estimates 



where Me = are the eigenvalues of the operator T given by IIF. 2. <S'|) and the 

function g, which is independent of a and (3, satisfies lim^^^oo g{5) = 0. 

Given the estimates from Lemmas IF . 2 . 1 1 (b ) and IF. 2. 2} we can proceed to the study of con- 
vergence properties of the expansion ()F.2.ip . For this purpose we need some notation: For 
any pair of (^^) -tuples of multiindices = (a^2' • • • ' m) define the associated 

M-tuples of multiindices , as follows 



E (F.2.13) 



l<j<Af 
i<j 



l<j<M, 
j<i 

where i S {1, • • • ,M}. The corresponding 2M- multiindices are denoted by a = {a^,a^), 
a = (a^ , a~ ) • The relevant estimate is stated in the following lemma, whose proof is 
given in Section IF. 31 

Lemma F. 2. 3. The functionals e (^(©(r))®^^)* andS^^^^e C{TexT m^s.C) satisfy 

V \\-T ^ ^-^A\\S - «|| < oo (F.2.15) 

a,j3 

(|aM/3|)^(0,0) 

for sufficiently large 5 > 0, depending on M, E and the double cone 0{r). Moreover, the 
above sum tends to zero with 5 ^ oo. 

After this preparation we proceed to the main part of this section. 

Proof of Lemma Eiri We define I\'e,m,s ^ ^i'^E x Tm,5: {%0{r))®^^)*) as follows 

{\ammm 
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In view of Lemma IF. 2. 31 this map is well defined for sufficiently large (5 > and satisfies 
lim^^oo ||n^ ^^^11 = as required in part (a) of Lemma |F.1.3[ In order to verify part (b), 
it suffices to show that 

u'l,^MA^,x)iw{h) • • • wUm)) = n'^,M,5(<^,x)(VF(/i) X ... X wUm)) 

= e-5Ef=i IIAIIi(e-Si<><.<M((/ij/it.-)+</;:sJ/^.-)) _ 1) 

■^{■Wih,^, + --- + fMA,):), (F.2.17) 

where the second equality restates the definition of the map 11^ j^^^, given by for- 
mula (|F.1.9p . The l.h.s. can be evaluated making use of Lemma IF.2.11 (a) and defini- 
tion (IF.2.11D 

K^^4ip,x){Wih)x---xWifN)) 

(\a\,\0mO,O) 

First, we consider the sum w.r.t. ^,]/. There holds 
^ J/^+I+|£+I+2|m-| 

E Jii^i (e|/)^+^V^(a*(£.e,.)iia(£,e,.n = <^(: W{h,,, +■■■ + fM,,J :),(F.2.19) 



^ 



as one can verify by expanding the normal ordered Weyl operator on the r.h.s. into 
the power series of creation and annihilation operators of the functions f^-. , expanding 

each function in the orthonormal basis {ejjf^ and making use of the multinomial 
formula ()B.1.4p 

a^*Hff:,P = E ^(e|/,r^aW(/:+%r^. (F.2.20) 



The sum w.r.t. a,P in (|F.2.18|) gives 

J2 —i=^{e\f)^^^F^j{x) = ( Yl e'^^^'^^^^^-^^^e'^^^-^^^^^-^^^) - 1. (F.2.21) 

a,p \Ja\j3\ ' l<i<j<M 

(|«|,|/3|)^{0,0) 

This relation can be verified by expanding the exponential functions on the r.h.s. into the 
Taylor series, making use of the identity 



(/ 1/^ ) = — T — (F.2.22) 



and applying to the resulting expressions expansions ()F.2.20p . Comparing ()F.2.2ip and 
(|F.2.19P with (|F.2.17P we conclude the proof of Lemma [FXl □ 



138 



Appendix F. Verification of Condition C\, in Massive Scalar Free Field Theory 



F.3 Some Technical Proofs 

In this section we provide proofs of Lemmas IF.2.21 and IF. 2. 31 which we used to prove 
Lemma If. 1.31 in the previous section. 

The key ingredient of our proof of Lemma IF.2.21 is the observation that when the 
spatial distance between two local operators is large, then the energy transfer between 
them is heavily damped. We exploited this idea in Section 13.21 where it was encoded in 
Lemma 13.2.21 In the present context it is more convenient to use a variant of Lemma 2.3 
of |BDL87j which is reproduced as Lemma [E.2.2l in the present work. With the help of this 
result we prove the following lemma which will help us to control the correlation terms 

Lemma F.3.1. Let (5 > 0, (x, y) G ^2,5j he the basis of the J -invariant eigenvectors 

of the operator T given by liF.2.8\) . let {ti}f^ be the corresponding eigenvalues and let a,/3 
be multiindices. Then there holds, for any combination of it signs, 

m\a{Cte,ra*{Cte^)fn < ^/WmWt^^^^^i^^'' , (F.3.1) 

where C^Ci^g := U{x)C^ei, the function g is independent of a, (3 and satisfies 
Ymis^oo g{5) = 0. 

Proof. We consider here only the (++) case, as the remaining cases are treated anal- 
ogously. We define the operators (Ij) = ■^(a*(£+ej) + a(£+ei)) and their translates 

(/)+(ei)(x) = U{x)(l)'^{ei)U{x)~^ . Since the projections commute with J, Jcj = 
and (5 > 0, these operators satisfy the assumptions of Lemma IE. 2. 21 (See the proof of 
Lemma lE.2.31 for a detailed justification). Therefore, we obtain 

{CthAl^thy) = 2{Vt\4>+{ei){x)(t>+{ej){y)^) 

= {n\<p+{e,){x)f{6H)cl>+{ej){y)Q) + m+{e,mf{6H)cP+{e,){x)Q) 

= ^{{£teiMfi^^)^tky) + {Cte,,yV{^^)^tks)), (F-3.2) 

where the function / was defined in Lemma lE.2.21 Making use of this result, exploiting 
the fact that the l.h.s. of (IF.3.ip vanishes for \a\ ^ and setting |a| = = k, we get 



. . . ^((£+e,,,d/(5^)^^e>,,y) + {Cte,^Jfi6Lo)Cth„cc)), (F.3.3) 

where the sum extends over all permutations of a /c-element set. For any < k < 1 there 
holds Cj := sup^ |/(cj)e~l'^l'"| < oo. Consequently, we get 

|(£+e,,,H/(5a;)£+e,-j;)| = |(£+e,,d/(<5^)e('l"l^''e-(^^-i)l-l^e-l-l^£+e,,j;)| 

< 4e-(^'^-i)-'^||e-^£+e,||||e-^/:+e,||. (F.3.4) 
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Finally, we note that ||e 2 >C^ej|| = ||T^ej|| < ||rej|| = ii and the claim follows. □ 
After this preparation we proceed to the proof of Lemma lF.2.21 

Proof of Lemma IF.2.2t Exploiting the energy bounds (jB.5.22p and the fact that 
llw^a II = m~2 in the massive theory, we obtain 

\ip{a*iCre^)t^a{Cre^)^)\ < M|^'^''"'-'^||Q£;£,e||^ ||Qz,£,eF 

< Mj^l^l+l-l^t>+i^. (F.3.5) 

Next, with the help of Lemma lF.3.11 we analyze the expressions F~ 3, given by (lF.2.10p . 



i^.j©i< n 

i<i<j<M 



\ "ij '^ij 



where we made use of the estimate ni<j<i<M I'^i 7I' — C^i<i<j<M HjW- = Alto- 
gether, combining (|F.3.5j) and (IF.3.6p . we obtain from (IF.2.1ip the bound (IF.2.12p . □ 

We conclude this appendix with the proof of Lemma IF.2.3[ 

Proof of Lemma IF.2.3t First, we estimate the norms of the functionals r , , - , 3 . 

Making use of the bound stated in Lemma lF.2.11 (b), and of the fact that (a + 6 + c)! < 
ga+b+c^ljjlpl £qj, g^j^y g pJq^ which follows from the properties of the multinomial 

coefficients, we get 



^jMl + y + l"l+|/3| 



IT,, 5 II < 4- ^ ^J {^ + V + Q^+J3)\ 



< (^(4^/3)1^1+1^1 ^(/i + eV^ (^(4V3)I"I+I'^I^/^^ , (F.3.7) 
where we noted that |_a | = |d| and ^^1 = |/3|. (See definitions ()F.2.13P and ()F.2.14p i. 



The factor y^-^! in this bound will be controlled by the factor yd!/?! appearing in the 
denominator in ()F.2.12p . We note the relevant estimate 



a ! 



n 



d! d+!d ! f=i (ni<i<M,iM<)! (ni<i<Af,jM«i,i)! 

< M^i<»<J<A^(l"til+l"«^jl) < mI"I, (F.3i 



where we made use of the properties of the multinomial coefficients. Similarly, the factor 

yJilJ- + kV- appearing in ()F.3.7p will be counterbalanced by y^/ilz^! extracted from the 

denominator of ()F.2.12p . The relevant estimate relies on the property of the binomial 
coefficients 

fct|l: < 2lH+l£l. (F.3.9) 
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With the help of the last two bounds and relations ()F.2.12j) . ()F.3.7p we obtain 



V llr -II 115 .||</ 

Z-^ II H+u+a+i3 II II ^t,i/,a,/3ll — \ fTJTA 



(|a|,|^|)^(0,0) 



• ( E ^^-^^^^^^^^^^ , (F.3.10) 

{\a\,\$\)%fi) 

where we made use of the bound (|F.3.8|) . The sum w.r.t. /x,z£ can be easily estimated as 
it factorizes into 4M independent sums: Let be an ordinary multiindex, then 



V i— — ' M 

< 



< 



(4 



fc=o 



where in the second step we made use of the fact that the multinomial coefficients are 
greater than or equal to one and in the last step we used the multinomial formula ()B.1.4p . 
Clearly, the last sum is convergent. (As a matter of fact it would suffice to consider 
k < Me since S^^^^, given by formula (IF.2.1ip . vanishes for > Me or \i^\ > Me)- 

As for the sum w.r.t. a, (3 on the r.h.s. of (|F.3.10p . it suffices to study the case la"*"! ^ 0. 
Then it factorizes into four independent sums and we discuss here one of the factors 



= J^(4^/3M5(<^))I"^I 

a+,\a+\=/=0 



(|a^2l + --- + l«M-i,Ml)' 

"1,2 "M-1,M- 



«t2|! l"M-l,M|!fA+ 



< y (4^/3M3g(j))i""iq^... '-f-i-^'- t" 

E l<i<j<M "-i.j 

< {AV^g{5)\\f\\i)^^t2+-+^M-iM)_ (F.3.12) 

"■1,2'---''^M-1,M 

<i<j<M 
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In the second step we made use of the fact that 



(|a+2l + • • • + I "m-i,mI)! ^ ^2{|a+,|+...+|a+ (F.3.13) 



|ai,2|!---l«M-i,Ml' 



and in the last step we exploited the multinomial formula ()B.1.4p . The last expression on 
the r.h.s. of ()F.3.12p is a convergent geometric series for sufficiently large 6 and it tends 
to zero with 6 — > oo, since lim5_^oo g{6) = 0. □ 
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Notational Conventions 



Minkowski space notation: We work in Minkowski spacetime R*"^-*^. We use the 
Minkowski metric rjni, with signature (+,—,...,—). The Minkowski scalar product of two 

four-vectors is given hy p ■ x = p^x^ — px, where px = '^i=iPiXi. 

Fourier transform: Consider the Schwartz-class functions / G S'(M"'''^^), g G ^(R*) and 
h G S'(R). (h is understood as a function of time). We define their Fourier transforms as 
follows 

f{p) = (27r)-^ j d'+'^xe'P°'^°-'P^f{x°,x), 
~9{p) = (27r)-i J d'xe-'P^g{x), 
h{p^) = (27r)-^ j dx^e'P°''°h{x^). 

The Fourier transforms of distributions F G S"(R''+^), G G S'{W) and H G 5"(R) are 
defined according to the relations F{f) = F{f), G{g) = G{g) and H{h) = H{h). In the 
formal notation 

^ (2.)-*/<,.«.e-'A-«<-F(.o,.-). 

G{p) = (27r)-5 j d'xe'P'^Gix), 
H{p°) = (27r)-^ J dx°e-^P°^°ii'(x°). 



Additional conditions: 







Reference 




j{ 




i^elBHl 

\\JtJ\ 




A' 


Paf 


\\J'-±\ 






Pat 


Ixi \0'-±\ 


1 ,*~\Ti H iti on 




Pat 


!,t: \'-tO\ 








•cr^ |r;ni 

!;e loui 


Lyonciition 




Pa^ 


;e[27] 


Condition 


r(l) 


Pa^ 


;e[30] 


Condition 




Pa^ 


;e[Ml 


Condition 


M 


Pa^ 


;e[Ml 


Condition 




Pa^ 


;e[53] 


Condition 




Pa^ 


;e[Ml 


Condition 


R 


Pa^ 


;e[37] 


Condition 


S 


Pa^ 


;e[65] 


Condition 


T 


Pa^ 


;e[29] 


Condition 


V 


Pa£ 


re [22] 



Frequently used symbols: 



Symbol 


Description 


Reference 


■ \\e,2 


Square-integrability seminorm on 2lac 


Pa^ 


;e[2l 


■ \\e,i 


Integrability seminorm on 21^^^ 


Paj 






p-norm w.r.t. the norm 


Pa^ 


;e[53] 


\\p 


Norm on LP(R^) / p-norm of an operator on L^(M'^, d^p) 


Pa^ 


reEHHS] 


II ■ ||a;i,...,xjv 


Special norms on C{Te^X) 


Paj 


;e[5l 


p,a;i,...,a;jv 


p-norm w.r.t. the norm • xi,...,a;jv 


Pa^ 


;e[5l 


[ • ] 


Sobolev norms 


Pa^ 


;e[8l] 


Closure in Lp'{W,d^p) 


Pa^ 


;e[86] 


a*{p),a{p) 


Creation and annihilation operators of a mode p 


Paj 


;e[79] 


a*U),a{f) 


Creation and annihilation operators of a function / 


Paj 


;e[77] 


A 


Observable A restricted to Ti'^^^ 


Pa^ 


;e[78] 


21 


Algebra of local observables 


Pa^ 


leM 


21(d) 


Algebra of observables generated by derivatives of the free field 


Pa^ 




21(e) 


Algebra of observables of the even part of free field theory acting 
on W(^) 


Pa^ 


leM 


2t(e) 


Algebra of observables of the even part of free field theory acting 
on the (full) Fock space 


Pa^ 


;e[78] 


2t 


Global algebra of observables 


Pa^ 


;e[l3] 


2l(0) 


*-algebra of finite, linear combinations of Weyl operators 


Pa^ 


;e[88] 


2l(0) 


Local algebra attached to O 


Paj 


leM 


Ox 


Translation automorphisms 


Pa^ 


;e[ia 




Translation automorphisms of free field theory restricted to TL^'^^ 


Pa^ 


;e[7H] 



A{p) 


Fourier transform of a local observable 


r^a^ 


liol 




Fure-pomt subspace oi 


Pa^ 


re 1201 




Continuous subspace oi 5a 


Pa^ 


re 1221 


2lc(C) 


Continuous subspace oi iJl(Cj 


Pa^ 


re [22] 


2lac 


Absolutely continuous subspace oi 21 


Pa^ 


re [241 


2lpc 


Point-continuous subspace of 21 


Pa^ 


;e[2l 




Space of integrable observables 


Pa^ 


;e[27] 


(21(0)^^)* 


A^-linear forms on 21(0) 


Pa^ 


;e[38] 




Bounded operators on "H 


Paj 


;e[l3] 




Functions appearing in the Taylor expansion of 


Pa^ 


;e[8l 




Algebra of particle detectors 


Pa^ 


;e[30] 


^sup 


equipped with the supremum norm 


Pa^ 


;e|l8] 




Smooth, compactly supported functions on M 








Vectors of bounded energy 


ra^ 


rr^ 11/11 

!;e 1141 


n ^ 


Subspace of finite particle vectors in Fock space 


r a^ 


!;eLL£j 


n 


Subspace of vectors with Schwartz-class wavefunctions in Dp 


r aj 


!;e 1 im 




Smooth functions supported in Or 


r aj 


!;eLLVj 




Basis of J-invariant eigenvectors of T 


ra^ 


;e lo7l 




Field content 


r a^ 


!;e izoi 


^FH 


Field content of (21^'^), a, 


Pa^ 


;e[80] 


^FH 


Field content of (^('^^ a, W^^^) 


Pa^ 


;e[80] 




Finite rank maps from Banach space 1^ to 


Pa^ 


;e[3l 


T{v X r,VF) 


Finite rank maps form V xT to W 


Paj 


;e[38] 




Special elements of (21(0)^^)* 


Paj 


;e[39] 


<P± 


Canonical field and momentum 


Paj 


;e[77] 




Wick powers of the fields 0-1- 
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